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ABSTRACT A graph G = (V(G),E(G)) is said to be a product cordial graph if there exists a function f:V(G) —
{0, 1} with each edge uv assign the label f(u)f (v), such that the number of vertices with label 0 and the number of
vertices with label 1 differ atmost by1, and the number of edges with label 0 and the number of edges with label 1 differ
by atmost 1. We discuss different graphs like generalized wheel graph W (m,n), windmill graph Wd(m,n), flower
wheel graph FW,"*, barbell graph B(m,n) and graph obtained by duplication of some graph elements in generalized
wheel graph are product cordial graph.
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L. Introduction

We begin with simple, finite, undirected graph ¢ = (V(G),E(G)), where V(G) and E(G) are vertex set and
edge set respectively. For all other terminology we follow Gross [6]. Now we provide brief summary of
definitions and other information which are necessary for the present investigations.

Definition 2.1: A mapping f: V(G) — {0,1} is called binary vertex labeling of G and f(v) is called the label
of the vertex v of Gunder f.

Definition 2.2: Let f: V(G) — {0, 1} and for each edge uv assign the label |f(u) — f(v)|, then f is said to be
a cordial labeling of G if the number of vertices with label 0 and the number of vertices with label 1 differ
atmost by 1, and the number of edges with label 0 and the number of edges with label 1 differ by atmost 1.
Definition 2.3: A product cordial labeling of graph G with vertex set V is a function f : V — {0,1} such that
if each edge uv is assigned the label f(u)f(v), the number of vertices with label 0 and the number of
vertices with label 1 differ by atmost 1 and the number of edge with label 0 and the number of edge with
label 1 differ by atmost 1. A graph which admits product cordial labeling is called a product cordial graph.
The notion product cordial labeling was introduced by Sundaram, Ponraj and Somasundaram [8]. They
proved that following graphs are product cordial graph: tree, unicyclic graph of odd order, triangular
snakes, dragons and helms. Few results of product cordial graph in the context of some graph operations on
gear graph are discussed by Prajapati and Raval [7].

Definition 2.4: The neighborhood of a vertex v of a graph is the set of all vertices adjacent to v. It is denoted
by N (v).

Definition 2.5: Duplication of a vertex of the graph G is the graph G’ obtained from G by adding a new
vertex v'to G such that N (v’ ) = N(v).

Definition 2.6: Duplication of a vertex v, by anew edge e = vk vk in a graph G produces a new graph G
such that N(vk) = {vg, v} Jand N(vk ) = {v, vk}

The notions of duplication of a vertex by a new edge and duplication of an edge by a new vertex were
introduced by Vaidya and Barasara [9].

Definition 2.7: The graph G™ obtained by identifying the roots of n copies of G is called the one point
union of n copies of the graph G [5].

Definition 2.8: Generalized wheel graph W (m,n) is a one point union of m copies of wheel graph W, at an
apex vertex.

Definition 2.9: Windmill graph Wd(m,n)[10] is one point union of n copies of m-complete graph K,,,.The
windmill graph Wd(2,n) is the star graph. The windmill graph Wd(3,n) is the friendship graph. The
windmill graph Wd(3, 2) is the butterfly graph.

Benson and Lee [2] have investigated the regular windmill graphs K, and determined precisely which ones
are cordial form < 14.

Definition 2.10: Flower wheel graph FW,}[3] is one point union graph of n copies of W, connected at one
common rim vertex of the wheel.
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Definition 2.11: Barbell graph B(m,n)[1] is obtained by n copies of complete graph K,, connected by a
bridge.

II. Main Results
Theorem 3.1: Generalized wheel graph W (m, n) is product cordial graph if m is even,n > 2.
Proof: Let G = W(m,n) be one point union of m copies of wheel graph W, . Let the consecutive rim vertices
of the i*" copy of W(m, n) be Vi) Viy» Vig» -, Uy, and let vy be an apex vertex. Thus  |V(G)| = mn + land
|E(G)| = 2mn.
Define a function f: V(G) — {0,1} as follows,
(1, if x =vy;
I
1 ifx=v-1<i<Tand'=12 n
f(x)= JI ) ljl = = 2 ] ) &y 1L,
m
tO, ifx=v,-j,i>? andj=1,2,..,n

Thus vf(0)=%, vr(1) =”;—" + 1,e(0) = e (1) = mn.
Clearly |vf(0)— vf(1)| < land |ef(0)— ef(1)| < 1. So G admits product cordial labeling. Hence G is a
product cordial graph.

Ilustration 3.1:Product cordial labeling of W (4,4) is shown in the figure below.

Fig. 1

Theorem 3.2: The graph G’ obtained by duplicationgof each of the rim edges in generalized wheel graph
W (m,n) by avertex is product cordial graph.
Proof: Let G = W(m,n) be one point union of m copies of wheel graph W;,. Let the consecutive rim vertices
of the it" copy of W(m, n)be Yy, Viy, Vi, .-, Vi, and let vy be an apex vertex. Thus |V(G)| = mn + land
|[E(G)| = 2mnlLet G' be the graph obtained from G by duplicating each of the rim edges by a vertex
u,l<is< mandl < j < nThus |V(G)\right] = 2mn + 1 and |E(G )| = 4mnDefine a function
f:V(G") - {0,1} as follows,

1, ifx=vy

fx)=41 ifx= Vi, Vi € V(6);

0, otherwise.
Thus v¢(0) = mn, v(1) = mn + 1, ¢(0) = e (1) = 2mn. Clearly |vf(0)— vf(1)| < land |ef(0)—
ef1<1.So ¢’admits product cordial labeling.Hence &’is a product cordial graph.
Ilustration 3.2:Product cordial labeling of generalized wheel graph W (2, 3) is shown in the figure 2.

Fig. 2
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Theorem 3.3: The graph G’ obtained by switching of an apex vertex in generalized wheel graph W (m,n) is
product cordial graph form > 3.

Proof: Let G = W(m,n) be one point union of m copies of wheel graph W, . Let the consecutive rim vertices
of the i*" copy of W(m,n) be Vi, Viy, Viy, -, Vi, and let vy be an apex vertex. Thus |V(G)| = mn + 1 and

|[E(G)| = 2mn. Let G’ be the graph obtained by vertex switching of an apex vertex vyin W(m,n), then
[V(G"] = mn + 1and |E(G)| = mn.
e Case 1:m is even. Define a function f: V(G') - {0,1} as follows,

( , ., _m ,
[ 1, lfx=vij,1SlS?,1S]Sn;
= m
f(x) 4'1, ifx=vyi=s+1j=1;
kO, otherwise.

Thus v¢(0) = n;—n, vi(1) = mz—n + 1,e;(0) = e;(1) = mz—n Clearly |v¢(0) — v¢(1)| < 1and |ef(0) — er(1)| < 1.
e (Case 2:m is odd.Define a function f: V(G’) — {0, 1} as follows,

( . .
11, 1fx=vij,1S1S

f(x) = m+1
() {1, ifx=vp,i= ——,1 sjs[
j 2

,1<j<n;

)

n+1]

kO, otherwise.
mn mn

Thus v¢(0) = X ve(1) = W;—n + 1, e(0)= [T] and e (1) = l%] Clearly |vf(0) - vf(1)| < land
Hence from both the cases G’ is product cordial graph.

Ilustration 3.3: Product cordial labeling of the graph obtained by vertex switching of an apex vertex
inW(2,6) andW(3,4) is shown in the figure 3.

Fig. 3

Theorem 3.4: The graph G, obtained by duplication of each of the vertices in generalized wheel graph
W(m, n) by an edge is product cordial graph.

Proof: LetG = W(m,n) be one point union of m copies of wheel graph W,,. Let the consecutive rim vertices
of the i™ copy of W(m,n) be ViysViy Vig, -, Vi, and let vy be an apex vertex. Thus |[V(G)| = mn + land
|E(G)| = 2mn. Let G’ be the graph obtained from G by duplicating each vertex vi; by an edge ;U 1<i<
mand1< j< n and duplicate v, by an edge ugu, thus V(G') = V(G) U {ug,up}U {ui],,u;],,l <i<
mand1 < j< njand E(G) = E(G)U{Vouo,uOuVO,VOuVO}U{Vijuij, uiju;j,viju;j, 1<i<mand 1<j<
n }.Thus [V(G"] = 3(mn + 1)and |E(G")| = 5mn + 3. We define a sequence
S: Uq,, Uy, Uy, vy Ug, U, Uy, Uz gy vy Uz Uiy, Uy Uy ven s Upy e

e Case 1:nis even. Define a function f: V(G ) — {0,1} as follows,
(1, ifx € V(G);

1, ifx= urll;

f(x) = . mn_
1, f1rst7vert1es of the sequence S;
0, otherwise.
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Thus [v7(0) — vr(1)| < 1and |e(0) — e, (1)| < 1.
e Case 2:n is odd. Define a function f: V(G') - {0,1} as follows,
(1, ifx€V(G);
1, ifx={upuok
o=

. mn—1 .
| L flT'St[ > ]vertlesofthesequenceS;

kO, otherwise.
Thus |vf (0) - vf(1)| < land |ef(0) — ef(1)| < 1.Thus, from both the above cases G’ admits product cordial

labeling.

Ilustration 3.4: Product cordial labeling of the graph G’ obtained by duplication of each of the vertices in
generalized wheel graph W (2,5) by an edge is shown in the figure 4.

LI25 u

Fig. 4

Theorem 3.5:Windmill graph Wd(m, n)is a product cordial graph if n is even,m > 4.
Proof:Let G = Wd(m,n) be one point union of n copies of m-complete graph K,,,. Let v, be an apex vertex

and let vy, v;,,... v; _,,1 < i <n be the label of remaining vertices of it" copy of K,,. Thus |V(G)| = (m —
Dn + land|E(G)| = nm(’;_l). Define a function f: V(G) — {0, 1} as follows,

1, if x = vp;

n
f(x) =41, ifxzvi].,lgisi,lSjSm—l;
0, otherwise.
-1 (m-1)n+1 -1

Thus  vp(0) =22 (1) =220 g (0) = (1) =222 Clearly  |vp(0) = (1) < land

|ef(0) — e (1| < 1. Thus Wd(m,n) admits product cordial labeling, hence it is a product cordial graph,
when n is even.

Ilustration 3.5:Product cordial labeling of windmill graph Wd (5, 2) is shown in the figure 5.

0 V24 1

Fig. 5
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Theorem 3.6: Flower wheel graph FW,, is a product cordial graph if and only if n is even.
Proof: Let G = FW,} be one point union graph of n copies of W, and the point union of the graph is any one
rim vertex of the wheel.Let u be the point union vertex of the graph G, v; be an apex vertex of i*"* wheel and
Vi Viys o Vi 1,1 < 1< n be the remaining vertices of the it" wheel graph W,,. Thus |V(G)| = mn +
land |E(G)| = 2mn

e C(Case 1:nis even.Define a function f: V(G) — {0, 1} as follows,

(1, ifx =u;
| n
1, le—V1,1<lSE,
f(x) = n
| 1, le—V1,1< Elsjgm
kO, otherwise.

Thus vf(1)=m2—“ + 1, vi(0) =% ef(0) = e/(1) = mn. Clearly |vf(0)— v¢(1)| < 1and
ler(0) — er(1)] < 1.
Thus G is product cordial graph if n is even.
e (ase2:nis odd.

» Subcase 1: mis odd. We label = ! vertices with label 1. This
gives us atleast mn + 2 vertlces with label 0 and atmost mn — 2 vertices with label
1.Clearly,|ef(0) - ef(1)| > 1.

» Subcase 2: m is even. We label lmn ha

Vertlces with label 0 and =

1J vertices with 0 and [%H] vertices with 1 which

gives us atmost mn — 1 edges with label 1 and atleast mn + 1 edges with label 0.Clearly,
lef(0) — e (1) > 1.
Hence from both the above subcases G does not admit product cordial labeling.
Hence Flower wheel graph FW} is a product cordial graph if and only ifn is even.

Ilustration 3.6:Product cordial labeling of flower wheel graph FW;* is shown in the figure 6.

Fig. 6

Theorem 3.7: Barbell graph B(m,n) is product cordial graph if n = 3 and for n > 3, B(m,n) is product
cordial if and only ifm is even.
Proof: Let G = B(m,n) be m copies of K,, connected by a bridge. Let VipVig, e, Vi, 1 S 1< m be the
consecutive vertices of the complete graph K,,. For eachi = 1,2,..,m — 1, join i™ and (i + 1)™ copy of K,
by an edge vi, Vi11,. Thus|V(G)| = mnand |[E(G)| = mn(n Dim- 1.
e Case 1:m is even. Define a function f: V(G) - {0 1} as follows,
. — . m . .
f(x) = 1, 1fx-vi].,1S1S7,1S]Sn,
0, otherwise.
Thus v¢(0) =v(1) = mzn, er(0) = wandef(l) = m. Clearly |v¢(0) — v¢(1)]| < land
ler(0) — e(1)] < 1.
Thus G is admits product cordial labeling if m is even.
e (ase 2:mis odd.
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» Subcase 1: n = 3.Define a function f: V(G) — {0, 1} as follows,
( o L _|m .
(1 ifx=v,1<i<|z|1<j<3;
f(x) = m+1

| 1, ifXZVij,izT,jzl,Z;

kO, otherwise.
Thus  v¢(0) = [37“‘] vi(1) = [37“‘] er(0) =2m+1 ande;(1) =2m. Clearly |v;(0)— v¢(1)| < land
|es(0) — e¢(1)| < 1. Thus G admits product cordial labeling when m is odd and n = 3.
» Subcase 2:n > 4.

_ m— th
We label: first(mTl)copies of K, by label 1, last (Tl) copies of K,, by label 0 and for (mTH) copy of K, we

label [g] vertices with label 1 and lg] vertices with label 0. Then, we get atmost(mT_l) (n(nT_l)+ 1) +

2 2
0.Clearly, |ef(0) — ef(1)| > 1. Thus G does not admit product cordial labeling when m is odd and n > 4.

(M> edges with label 1 and atleast (mT_l) (n(n_1)+ 1)+n(n2_1)— <([%])(£%]_1)) edges with label

Ilustration 3.7: Product cordial labeling of barbell graph B(4,5) is shown in the figure 7.

Fig. 7

Conclusion

We conclude that one point union graphs like generalized wheel graph, windmill graph, flower wheelgraph
and barbell graph are product cordial graphs. We also conclude that different types of duplicationsare
applied on generalized wheel graph like duplicating all rim edges with vertex and duplicating allthe vertices
with an edge admits product cordial labeling. We have also switched an apex vertex ingeneralized wheel
graph and the obtained graph is product cordial graph.One can investigate and study product cordial
graphs with reference to various graph operations ondifferent families of graph.
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