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ABSTRACT: A (p, q) graph G is called an edge trimagic graceful if there exists a bijection ¢ : V(G) U E(G) —
{1, 2, 3 .., p + q} such that for each edge xy in E(G), | p(x) - p(xy) +@(y)| = ¢, or c; or c3, wherecy, cyand c3
are constants. In this paper, we proved some disconnected graphs like,(Cm@ K)B B, nP;, K;; UKy, U
Ky n,nCy and (C,, © K1)BC, are edge trimagic graceful graphs.

Key Words: Graph, disconnected graph, trimagic, graceful, trimagic graceful.
AMS Subject Classification: 05C78

1. INTRODUCTION

Labeling of a graph G is an assignment of labels to either the vertices or the edges or both subject to certain
conditions. Graph labeling was first introduced in 1960’s. In 1970, Kotzig and Rosa[6] defined, an edge
magic labeling of graph G is a bijection f: VUE —{1, 2, ..., p+q} such that, for each edge uve E(G), f(u) + f(uv) +
f(v) is a magic constant. A few years later, S. W. Golomb renamed {3-labeling as graceful labeling as it is
known today [4]. In 2004 ]. Baskar Babujee introduced Edge Bimagic labeling [1]. Marimuthu and
Balakrishnan [7] introduced the edge magic graceful labeling of a graph. In 2013,C. Jayasekaran, M. Regees
and C. Davidraj [8] introduced the edge trimagic total labeling of graphs.

A graph is connected if every pair of points are joined by a path. A graph which is not connected is
disconnected. Graphs Gi and G; have disjoint vertex set Vi and V; and the edge set E1 and E; respectively.
Their union G = G1 UG, has, as expected, V = ViU VzandE = E;U E;. A simple graph in which there exists an
edge between every pair of vertices is called a complete graph and it is denoted by K,. A bigraph G is a graph
whose vertex set V can be partitioned into two subsets V1 and Vzsuch that every edge of G joins a point of V4
to a point of V. If G contains every edge joining V1 and V>, then G is a complete bigraph. If V1 and V; have m
and n vertices, we write G = Kmn. A star is a complete bigraph Kj, n. Further reference, we have used the
survey on graph labeling by J. A. Gallian (2018) [5].

We can see some Super edge bimagic and trimagic labeling for some disconnected graphs are proved in [2,
3, 9]. In this paper we are going to prove some of the disconnected graphs such as (C»OKi1) U P,nP;,
K1, UKy UKy ,nCyand (G, O K;)U Care edge trimagic graceful graphs.

2. EDGE TRIMAGIC GRACEFUL LABELING OF SOME DISCONNECTED GRAPHS

Theorem 2.1: The graph (C»OK1)UP,admits an edge trimagic graceful labeling for all values of m and n.
Proof: Let wiw;..wy be the path P,. Let uiuz... unui be the cycle C,, and let vibe the vertex which is joined to
the vertex u; of the cycle Cp, 1 < i < m, then the resultant graph is (CnOK1). Then (CnOK{)UP, is a
disconnected graph with 2m + n- 1 edges and 2m + n vertices.

Case 1: nis odd

Define a bijection ¢: VUE = {1, 2, 3, .., 4m +2n + 1} such that
eu)=il<ism-1

eVi)=m+i,1<ism-1

@(un) =m; @(vn) = 2m

2m+? , 1 <i<n,iisodd

n+i+1

p(wi) =
2m+

@uiuis1) =2m+2n+2i,1<ism-1

, 1 <1i<n,iiseven
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puivi) =2m+2n+2i-1,1<ism
eWwiwir1)=2m+n+i,1<i<n-1and¢@(usui) =2m+ 2n.
Using this labeling, for each edge uv € E[(Cr(OK1) UP,], | @) -puv) +e((v) | will form any one of

3-n+4 .
the constants ¢ = | 1-2m-2n | Cp = | 1-m- 2n| and c3 = | n2+ i | . Therefore, the disconnected graph

(Cm®OK1) UP,admits an edge trimagic graceful labeling for nis odd.

Case 2: nis even
Define a bijection ¢: VUE = {1, 2,3, .., 4m +2n + 1} such that
pu)=i1l<sism-1
eVi)=m+i,1<sism-1
@ (un) =m; @ (vn) =2m
2m+211 < i <n,iisodd
(p(Wi) = ni—i . .
2m+7,1 < i <n,iiseven
@) =2m+2n+2i,1<ism-1
euivi) =2m+2n+2i-1,1<ism
ewiwis)=2m+n+i,1<i<n-1and ¢(unu)=2m+ 2n.
Using this labeling, for each edge uv € E[(Cn(OK1) UPn],| @) - p(uv) +@(v) | will form any one of the
constants ¢; = | 1-2m-2n |,C2 = | 1-m-2n | and c3 = aontdm | Therefore, the disconnected graph

(Cm©® K1) UP,admits an edge trimagic graceful labeling for n is even.

We proved that the disconnected graph (C»® Ki) UP,admits an edge trimagic graceful labeling.
Since (Cm® K1) UP, has 4m+2n + 1 vertices and these 4m+2n+1 vertices have labels 1, 2, .., 4m+2n+1 for all
values ofn and m, the graph (C»® K1) UPyis a super edge trimagic graceful.
Example 2.2: An edge trimagic graceful labeling of the graph (Cs ©OK1)UPs and the graph (C¢ ©OK1)UP7 are
given in figure 1 and figure 2 respectively.

w1 n » 13 14 =

3
Iy
L
1 T

Figure 2: (Co ©K1)UP7 with edge trimagic graceful constantsc; = 25,¢; =19 and c3 =10
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Theorem 2.3: The graph nP;admits an edge trimagic graceful labeling for all n.
Proof: Let V (nP3) = {u;, vi,wi/ 1<i< n}bethevertex set,and E (nP3) = {uv;, viwi/ 1<i<n} betheedge
set of the disconnected graph nPs;. Then the disconnected graph nP; has 3n vertices and 2n edges.
Define a bijection ¢: VUE - {1, 2, 3, .., 5n} such that
eu)=1;¢pu)=i+1,1<i<n-1
e(v)=n+1¢o(vi)=n+i+1,1<isn-1
@(wi)=2n+i,1<i<n; @(uvi)=5n; @(viw1)=5n-1
@(Uisvia1) =3n+2i-1,1<i<n-1 and p(viiiwi) =3n+2i,1<i<n-1

Using this labeling, for each edge uv € E nPg],| @) -p(uv) + @(v) | will form any one of the
constantscy = | 2-4n | , Cp= |3 - 2n| and c3 = | Zﬁ . Therefore, the disconnected graph nP; admits an edge
trimagic graceful labeling for all n.

Since the disconnected graph nPzhas 3n vertices and these 3n vertices have labels 1,2,.., 3n for all n,
the disconnected graph nP; is a super edge trimagic graceful graph.
Example 2.4: A super edge trimagic graceful labeling of 5P;is given in figure 3.

u, "' W,
& 15 -] 14 -t ® 16 ® 17 ® & 18 @ 18 @
1 6 1 1 - 12 3 3 13
U, '
20 o N o - —2 %
4 [ 14 4 10 15

Figure 3:5P; with edge trimagic graceful constantsc;= 18,c; = 7 and c3= 2.

Theorem 2.5: The graph K, ; U K, ,,, U K7, admits an edge trimagic graceful labeling for all values of [, m and
n.
Proof: Let V(K1 ;)UK UKy ) ={up v wk /1<i<l+1;1<i<sm+1,1<i<n+1 }be the vertex set, and
E(K1jUK UKy ) = {wui, viv, wiwk / 2 i< l+1; 2<i<m+1,2<i<n+1} be the edge set of the
disconnected graph K; ;U K;,, U K7, . Then the disconnected graph K;; UK;,, UKy, hasl+m +n + 3
vertices and/ + m + n edges.

Case 1: [, n are odd and m is even.

Define a bijection ¢: VUE = {1, 2, 3, .., 2] + 2Zm + 2n +3} such that

p)=1,9V)=2,¢(w)=3

eu)=3+i,1<isLouw)=I+m+n+i+3,1<i<]

evi)=m+j+2,1<sjsm;p(w)=2n+k 1<ks<n

ev))=l+m+2n+j+1,1<j<m

and p(wwy) =2l+m+2n+k+2,1<k<n

Using this labeling, for each edge uv € E(K; ;U K1,, UKy, ), | @) - e(uv) + @(v) | will form any
one of the constants ¢; = |1 -(l+m+n) |, ¢c;=|3-(1+2n) | andcz = |1 - ( 2] + m) |. Therefore, the
disconnected graphK; ; U K; ,, U K; ;, admits an edge trimagic graceful labeling for [, n are odd and m is even.
Case 2: |, m and n are odd.

Define a bijection ¢: VUE - {1, 2, 3, .., 2] + 2m + 2n +3} such that
p)=1,¢V)=2,¢(wW)=3

eu)=3+i,1<is<l; p(v)=m+j+1,1<j<m
ew)=m+n+k-1,1<k<n; ouu)=Il+m+n+i+3,1<i<l
ev))=l+2m+n+j+1,1<j<sm and p(wwi) =1+2m+2n+k-1,1<k<n.

Using this labeling, for each edge uv € E(K;,; UK, UKy, ), | @) - p(uv) + (v) | will form any
one of the constants ¢; =ﬁ1—(1+m+n) |,cz =|2-(l+m+n) | and c3 = |3 - (1+ m+n) |. Therefore,
the disconnected graph K;; U K; ,,, U K; ,, admits an edge trimagic graceful labeling for /, m and n are odd.
Case 3: [, m and n are even.

Define a bijection ¢: VUE - {1, 2, 3, .., 2] + 2m + 2n +3} such that
pW)=1L0V)=2,¢w)=3

eu)=3+i1<i<l; p(vi)=m+j,1<jsm

W) =l+n+kl1<sks<n;e(uu)=l+m+n+i+3,1<i<l
pvvj)=2l+m+n+j+3,1<j<sm and p(wwy) =l+2m+2n+k-1,1<ks<n
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Using this labeling, for each edge uv € E(K; ;U K1,, UK;, ), | ¢(u) - ¢(uv) + ¢(v) | will form any
one of the constants ¢; = |1 -(Il+m+n) |,C2 =|-2l- n| andc3 = |5-2m-n | Therefore, the

disconnected graphK; ; U K; ,, U K; ;, admits an edge trimagic graceful labeling for I, m and n are even.
Case 4: For all other cases (I, m are even and n is odd (or) m, n are odd and / is even (or),, n are even and m
is odd (or),, m are odd and nis even (or)lis odd and m, n are even)
Define a bijection ¢: VUE - {1, 2, 3, .., 2] + 2m + Zn +3} such that
p)=1,9(v)=2,¢wW)=3
pu)=3+i,1<i<sl;p(v)=1+j+3,1<jsm
ew)=l+m+k+3,1<k<n;p(uu)=l+m+n+i+3,1<i<l
vvj)=2l+m+n+j+3,1<j<m
and p(wwy) =2[+2m+n+k+3,1<k<n

Using this labeling, for each edge uv €E(K; ;U K;,, UKy, ), |<p(u) - @(uv) + @) | will form any
one of the constants c¢; = ?1—(l+m+n) | Cp = |2— (I+m+n) | and c3 = |3—(I+m+ n) |.Theref0re,
the disconnected graph K;; U Kj ;,;, UK, , admits an edge trimagic graceful labeling for all other cases such
as [, m are even and n is odd, m, n are odd and [ is even, [, n are even and m is odd, [, m are odd and n is even
and /is odd and m, n are even.Hence the theorem follows from the above all four cases.

We proved the disconnected graph K;; U K; ,,, U K7 ,admits an edge trimagic graceful labeling. Since
the disconnected graph K;; U K ,, U K yhas [+ m + n+ 3 vertices and these vertices havelabels 1, 2, .., [ + m
+ n+ 3, the disconnected graph K; ; U K; ,,, U K ,,is a super edge trimagic graceful graph.
Example 2.6: A super edge trimagic graceful labeling of K; 7 U K79 U K7 15 is given in figure 4.

Figure 4: K, ; U K; 9 U Kj 11 with edge trimagic graceful constants ¢;= 26, c;= 25 and c3= 24.

Theorem 2.7: The graph nC,admits an edge trimagic graceful labeling for all n.

Proof: Let V(nC,) = {wj, X;yi,zi/1 < i < n} be the vertex set and E(nC,) = {wix;, xiz; yizi,yiwi / 1 <i < n } be the
edge set of the disconnected graph nC,. Then the graph nCs has 4n vertices and 4n edges.

Define a bijection : VUE — {1, 2, ..., 8n} such that

ewi)=i,1<isn;px)=n+il<isn

eyi)=2n+i,1<isme(z)=3n+i,1l<i<n

p(wix)) =4n+i-1,1<i<n;@(xy)=6n+2i,1<i<n

@(viz)=6n+2i-1,1<i<nand ¢(ziwi) =4n+2i,1<i<n.

Using this labeling we get, for each edge uv € E(nC,), | @) -puv) + p(v) |will form any one of
the constants cl=|1 - 3n|, cy = |— 2n|and c3= |1 - n| . Hence the graph nC,is an edge trimagic graceful for all
values of n.

We proved the graph nC, admits an edge trimagic graceful labeling. The labeling given in the proof
of theorem 2.7, the vertices get labels @(wi) =1, ¢ (%)) =n+ i@ (yi) = 2n+1i,¢(zi)=3n+1i,forall 1 <i<n. Since
the graph nC,has 4n vertices and these 4n vertices have labels 1, 2, .., 4n. Hence, the graph nC,is a super
edge trimagic graceful graph.

Example 2.8: An edge trimagic graceful labeling of 5C, is given in figure 5.

11 16 12 17 13 £ 18 14 1% 15 kL] 0
¥, 31 z EE] 3 a7 ¥s z
b 1 24 M 26 34 13 - 40
W, Wi X
1 11 8 W 2 13 ¥ k1 25 4 27 5 il

Figure 5:5C, with the edge trimagic graceful constants ¢; = 14,¢c, =10 and c3 =4

Research Paper IJRAR- International Journal of Research and Analytical Reviews| 665z




[ VOLUME 6 I ISSUE 1 [ JAN.- MARCH 2019] E ISSN 2348 -1269, PRINT ISSN 2349-5138

Theorem 2.9: The disconnected graph (C,, ® K;)UC, admits an edge trimagic graceful labeling for all
values of m and for odd n.

Proof: Let V[(C,,© K{) U C,] ={uj, vi,wj, 1 <i<m, 1<j<n}bethevertexset,and E [(C,,,® K;) U C,] = {uivi,
Uili+1, Wjwj1 /1 <1< m,1 <j < n} be the edge set of the graph (C,,® K;) U C,,. Then the graph (C,, ® K;)
UC,has 2m + n vertices and 2m + n edges.

Case 1: m is odd
Define a bijection p: VUE — {1, 2, 3, .., 4m + 2n} such that
eu)=i1 <is<m;pv)=m+i,1 <i<m
%, 1 <i<n,jisodd
P(Wi) =1 2m+3n+i-3
2

euuis1) =2m+2n+2i+11 <i<m-—1;¢uium)=2m+2n+1
euivi) =2m+2n+2i,1 <i<m;@(wiwn) =2m+2n+2i-1
and p(wiwis1)=2m+n+i+1,1 <j<n-1

Using this labeling, for each edge uv € E [(C,, © K;) UC,], | @) - @(uv) +@(v) | will form any one

3n2_7|. Therefore, the graph (C,, ® K;)

, 1 <i<n,jiseven

of the constantsc; =|— 2m - 2n|, cz=|— 2n - m| and c3 =|

U C,admits an edge trimagic graceful labeling for odd m.

Case 2: mis even
Define a bijection ¢: VUE - {1, 2, 3, .., 4m + 2n} such that
pu)=11 <i<m; ¢vi)=m+i1 <i<m

2m+ - 1 <i<niiisodd
pwy) = om 4+ MHH

, 1 <i<n,iiseven

@(uiuir) =2m+2n+2i+1,1 <i<m-—1; ¢p(uiun) =2m+2n+1
euivi) =2m+2n+2i,1 <i<m; p(wiwy)=2m+n+1
and p(wjwjs1)=2m+n+j+1,1 <j<n-1

Using this labeling, for each edge uv € E[(C,,, ® K1) UC,,], | @) -@uv) +e(v) | will form any one
of the constantsc; = |— 2m - 2n |, cZ=|— m - 2n|and c3 = |m| Therefore, the graph (C,, © K;)

UC,admits an edge trimagic graceful labeling for even m.
Hence, the theorem follows from case 1 and case 2.

Since the graph (C,, ® K;) UC,has 2m + n vertices and these 2m + n vertices have labels 1, 2, ..,2m
+ n. Hence, the graph (C,, © K;) U C,is a super edge trimagic graceful graph.

Example 2.10: An edge trimagic graceful labeling of (C5 ® K{)UC7 and (Cg © K;)U Coare given in figure 6
and figure 7.

Wy
15 19

24

21

12

Figure 6:(Cs © K;)U C; withedge trimagic graceful constantsc; = 24,c,= 19 and c3= 7.
22
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Figure 7:(C¢ © K{)UCq with edge trimagic graceful constantsc; = 30, c,= 24 and c3=8.

CONCLUSION

In this paper, we proved that the disconnected graphs (CnmOKi)UPy, nPs, K;;U K, UKy ,nCs and
(Ch®OK{)U C, are edge trimagic graceful graphs, using these ideas we can find more Edge Trimagic Graceful
labeling of some more disconnected graphs.
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