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ABSTRACT: A (p, q) graph G is called an edge trimagic graceful if there exists a bijection 𝜑 : V(G) ∪ E(G)  

{1, 2, 3, …, p + q} such that for each edge xy in E(G), | 𝜑(x) – 𝜑(xy) + 𝜑(y)  = 𝑐1 or 𝑐2 or 𝑐3, where𝑐1, 𝑐2and 𝑐3 
are constants. In this paper, we proved some disconnected graphs like,(Cm⊙K1)⊙Pn, 𝑛𝑃3, 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪

𝐾1,𝑛 ,𝑛𝐶4 and (𝐶𝑚⨀ 𝐾1)⊙𝐶𝑛  are edge trimagic graceful graphs. 
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1. INTRODUCTION 
Labeling of a graph G is an assignment of labels to either the vertices or the edges or both subject to certain 
conditions. Graph labeling was first introduced in 1960’s. In 1970, Kotzig and Rosa[6] defined, an edge 
magic labeling of graph G is a bijection f: V∪E {1, 2, …, p+q} such that, for each edge uv E(G), f(u) + f(uv) + 
f(v) is a magic constant. A few years later, S. W. Golomb renamed β-labeling as graceful labeling as it is 
known today [4]. In 2004 J. Baskar Babujee introduced Edge Bimagic labeling [1]. Marimuthu and 
Balakrishnan [7] introduced the edge magic graceful labeling of a graph. In 2013,C. Jayasekaran, M. Regees 
and C. Davidraj [8] introduced the edge trimagic total labeling of graphs.  
A graph is connected if every pair of points are joined by a path. A graph which is not connected is 
disconnected. Graphs G1 and G2 have disjoint vertex set V1 and V2 and the edge set E1 and E2 respectively. 
Their union G = G1 ∪G2 has, as expected, V = V1∪ V2andE = E1∪ E2. A simple graph in which there exists an 
edge between every pair of vertices is called a complete graph and it is denoted by Kn. A bigraph G is a graph 
whose vertex set V can be partitioned into two subsets V1 and V2such that every edge of G joins a point of V1 
to a point of V2. If G contains every edge joining V1 and V2, then G is a complete bigraph. If V1 and V2 have m 
and n vertices, we write G = Km,n. A star is a complete bigraph K1, n. Further reference, we have used the 
survey on graph labeling by J. A. Gallian (2018) [5]. 
We can see some Super edge bimagic and trimagic labeling for some disconnected graphs are proved in [2, 
3, 9]. In this paper we are going to prove some of the disconnected graphs such as (Cm⊙K1) ∪ Pn,𝑛𝑃3, 
𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛,𝑛𝐶4 and (𝐶𝑚  ⨀ 𝐾1)∪ 𝐶𝑛are edge trimagic graceful graphs. 
 

2. EDGE TRIMAGIC GRACEFUL LABELING OF SOME DISCONNECTED GRAPHS 
Theorem 2.1: The graph (Cm⊙K1)∪Pnadmits an edge trimagic graceful labeling for all values of m and n. 
Proof: Let w1w2...wn be the path Pn. Let u1u2... umu1 be the cycle Cm and let vi be the vertex which is joined to 
the vertex ui of the cycle Cm, 1 ≤ i ≤ m, then the resultant graph is (Cm⊙K1). Then (Cm⊙K1)∪Pn  is a 
disconnected graph with 2m + n– 1 edges and 2m + n vertices. 
 

Case 1: n is odd  
Define a bijection 𝜑: V∪E → {1, 2, 3, ..., 4m +2n + 1} such that  
𝜑(ui) = i, 1 ≤ i ≤ m – 1   
𝜑(vi) = m + i , 1 ≤ i ≤ m – 1   
𝜑(un) = m ;  𝜑(vn) = 2m 

𝜑(wi) =  
2𝑚 +

𝑖+1

2
    , 1 ≤  i ≤ 𝑛, i is odd

2𝑚 +
𝑛+𝑖+1

2
, 1 ≤  i ≤ 𝑛, i is even 

  

𝜑(uiui+1) = 2m + 2n + 2i, 1 ≤ i ≤ m – 1   
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𝜑(uivi) = 2m + 2n + 2i – 1, 1 ≤ i ≤ m 
𝜑(wiwi+1) = 2m + n + i, 1 ≤ i ≤ n – 1 and 𝜑(unu1) = 2m + 2n. 
 Using this labeling, for each edge uv ∊ E[(Cm⊙K1 ) ∪Pn],│ 𝜑(u) – 𝜑(uv) + 𝜑(v) │ will form any one of 

the constants  𝑐1 = │1 – 2m– 2n│,𝑐2 = │1 – m– 2n│ and  𝑐3 = │
3−𝑛+4𝑚

2
│. Therefore, the disconnected graph 

(Cm⊙K1) ∪Pnadmits an edge trimagic graceful labeling for n is odd. 
 

Case 2: n is even  
Define a bijection 𝜑: V∪E → {1, 2, 3, ..., 4m +2n + 1} such that  
𝜑(ui) = i, 1 ≤ i ≤ m – 1   
𝜑(vi) = m + i , 1 ≤ i ≤ m – 1    
𝜑(un) = m;  𝜑 (vn) = 2m 

𝜑(wi) =  
2𝑚 +

𝑖+1

2
, 1 ≤  i ≤ 𝑛, i is odd

2𝑚 +
𝑛+𝑖

2
, 1 ≤  i ≤ 𝑛, i is even 

  

𝜑(uiui+1) = 2m + 2n + 2i, 1 ≤ i ≤ m – 1   
𝜑(uivi) = 2m + 2n + 2i – 1, 1 ≤ i ≤ m 
𝜑(wiwi+1) = 2m + n + i, 1 ≤ i ≤ n – 1 and  𝜑(unu1) = 2m + 2n. 
Using this labeling, for each edge uv ∊ E[(Cm⊙K1) ∪Pn],│ 𝜑(u) – 𝜑(uv) +𝜑(v) │ will form any one of the 

constants  𝑐1 = │1 – 2m – 2n │, 𝑐2  = │1 – m – 2n │ and 𝑐3 = │
2−𝑛+4𝑚

2
│. Therefore, the disconnected graph 

(Cm⊙ K1) ∪Pnadmits  an edge trimagic graceful  labeling for n is even.  
 We proved that the disconnected graph (Cm⊙ K1) ∪Pnadmits an edge trimagic graceful labeling. 
Since (Cm⊙ K1) ∪Pn has 4m+2n + 1 vertices and these 4m+2n+1 vertices have labels 1, 2, ..., 4m+2n+1 for all 
values ofn and m, the graph (Cm⊙ K1 ) ∪Pnis a super edge trimagic graceful. 
Example 2.2: An edge trimagic graceful labeling of the graph (C5 ⊙K1)∪P6 and the graph (C6 ⊙K1)∪P7 are 
given in figure 1 and figure 2 respectively. 

 
Figure 1: (C5 ⊙K1) ∪P6 with edge trimagic graceful constants𝑐1 = 21, 𝑐2 = 16 and 𝑐3 = 8 

 

 
Figure 2: (C6 ⊙K1)∪P7 with edge trimagic graceful constants𝑐1 = 25, 𝑐2 = 19 and 𝑐3 = 10 
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Theorem 2.3: The graph 𝑛𝑃3admits an edge trimagic graceful labeling for all n. 
Proof: Let V (𝑛𝑃3) = { ui, vi, wi / 1 ≤ i ≤ n } be the vertex set ,and E (𝑛𝑃3) = { uivi, viwi/ 1 ≤ i ≤ n }  be the edge 
set of the disconnected graph 𝑛𝑃3. Then the disconnected graph 𝑛𝑃3 has 3n vertices and 2n edges. 
Define a bijection 𝜑: V∪E → {1, 2, 3, ..., 5n} such that  
𝜑(u1) = 1 ; 𝜑(ui+1) = i + 1, 1 ≤ i ≤ n – 1      
𝜑(v1) = n + 1; 𝜑(vi+1) = n + i + 1 , 1 ≤ i ≤ n – 1    
𝜑(wi) =2n + i , 1 ≤ i ≤ n  ; 𝜑(u1v1) = 5n ;  𝜑(v1w1) = 5n – 1  
𝜑(ui+1vi+1) = 3n + 2i – 1 , 1 ≤ i ≤ n – 1  and 𝜑(vi+1wi) = 3n + 2i, 1 ≤ i ≤ n – 1  
 Using this labeling, for each edge uv ∊ E(𝑛𝑃3),│ 𝜑(u) – 𝜑(uv) + 𝜑(v) │ will form any one of the 
constants𝑐1 = │2 – 4n│, 𝑐2= │3 – 2n│ and 𝑐3 = │2│. Therefore, the disconnected graph 𝑛𝑃3 admits an edge 
trimagic graceful labeling for all n. 
 Since the disconnected graph 𝑛𝑃3has 3n vertices and these 3n vertices have labels 1,2,..., 3n for all n, 
the disconnected graph 𝑛𝑃3 is a super edge trimagic graceful graph. 
Example 2.4: A super edge trimagic graceful labeling of  5𝑃3is given in figure 3. 

 
Figure 3:5𝑃3 with edge trimagic graceful constants𝑐1= 18, 𝑐2 = 7 and 𝑐3= 2. 

 

Theorem 2.5: The graph 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛  admits an edge trimagic graceful labeling for all values of l, m and 
n. 
Proof: Let V(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ) = { ui, vj, wk / 1 ≤ i ≤ l+1; 1 ≤ i ≤ m +1, 1 ≤ i ≤ n +1  } be the vertex set , and 
E(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ) = { u1ui , v1vj, w1wk / 2 ≤ i ≤ l+1; 2 ≤ i ≤ m +1, 2 ≤ i ≤ n +1 }  be the edge set of the 
disconnected graph 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 . Then the disconnected graph 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛   has l + m + n + 3 
vertices andl + m + n edges. 
Case 1: l, n are odd and m is even. 
Define a bijection 𝜑: V ∪E → {1, 2, 3, ..., 2l + 2m + 2n +3} such that  
𝜑(u) = 1, 𝜑(v) = 2, 𝜑(w) = 3 
𝜑(ui) = 3 + i , 1 ≤ i ≤ l; 𝜑(uui) = l + m + n + i + 3, 1 ≤ i ≤ l 
𝜑(vj) = m + j + 2, 1 ≤ j ≤ m ;𝜑(wk) = 2n + k, 1 ≤ k ≤ n  
𝜑(vvj) = l + m + 2n + j + 1, 1 ≤ j ≤ m  
and 𝜑(wwk) = 2l + m + 2n + k + 2, 1 ≤ k ≤ n. 
 Using this labeling, for each edge uv ∊ E(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ), │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │ will form any 
one of the constants  𝑐1 = │1 – ( l + m + n) │, 𝑐2 = │3 – ( l + 2n) │ and𝑐3 = │1 – ( 2l + m)│. Therefore, the 
disconnected graph𝐾1,𝑙 ∪𝐾1,𝑚 ∪ 𝐾1,𝑛  admits an edge trimagic graceful labeling for l, n are odd and m is even. 
Case 2: l, m and n are odd. 
Define a bijection 𝜑: V ∪E → {1, 2, 3, ..., 2l + 2m + 2n +3} such that  
𝜑(u) = 1, 𝜑(v) = 2, 𝜑(w) = 3 
𝜑(ui) = 3 + i, 1 ≤ i ≤ l ;   𝜑(vj) = m + j + 1, 1 ≤ j ≤ m  
𝜑(wk) = m + n + k – 1, 1 ≤ k ≤ n  ;  𝜑(uui) = l + m + n+ i + 3 , 1 ≤ i ≤ l. 
𝜑(vvj) = l + 2m + n+ j + 1, 1 ≤ j ≤ m  and  𝜑(wwk) = l + 2m + 2n + k – 1, 1 ≤ k ≤ n.  
 Using this labeling, for each edge uv ∊ E(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ), │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │ will form any 
one of the constants  𝑐1 = │1 – ( l + m + n) │, 𝑐2 = │2 – ( l + m + n) │ and 𝑐3 = │3 – ( l + m + n) │. Therefore, 
the disconnected graph 𝐾1,𝑙 ∪𝐾1,𝑚 ∪𝐾1,𝑛  admits an edge trimagic graceful labeling for l, m and n are odd. 
Case 3: l, m and n are even. 
Define a bijection 𝜑: V ∪E → {1, 2, 3, ..., 2l + 2m + 2n +3} such that  
𝜑(u) = 1, 𝜑(v) = 2, 𝜑(w) = 3 
𝜑(ui) = 3 + i, 1 ≤ i ≤ l ;   𝜑(vj) = m + j, 1 ≤ j ≤ m  
𝜑(wk) = l + n + k, 1 ≤ k ≤ n  ; 𝜑(uui) = l + m + n+ i + 3 , 1 ≤ i ≤ l. 
𝜑(vvj) = 2l + m + n+ j + 3, 1 ≤ j ≤ m  and 𝜑(wwk) = l + 2m + 2n + k – 1, 1 ≤ k ≤ n.  
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 Using this labeling, for each edge uv ∊ E(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ), │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │ will form any 
one of the constants  𝑐1 = │1 – ( l + m + n) │, 𝑐2 = │– 2l –  n │ and𝑐3 = │5 – 2m – n │. Therefore, the 
disconnected graph𝐾1,𝑙 ∪𝐾1,𝑚 ∪ 𝐾1,𝑛  admits an edge trimagic graceful labeling for l, m and n are even. 
Case 4: For all other cases ( l, m are even and n is odd (or) m, n are odd and l is even (or)l, n are even and m 
is odd (or)l, m are odd and n is even (or)l is odd and  m, n  are even)  
Define a bijection 𝜑: V ∪E → {1, 2, 3, ..., 2l + 2m + 2n +3} such that  
𝜑(u) = 1, 𝜑(v) = 2, 𝜑(w) = 3 
𝜑(ui) = 3 + i, 1 ≤ i ≤ l ; 𝜑(vj) = l + j + 3, 1 ≤ j ≤ m  
𝜑(wk) = l + m + k + 3, 1 ≤ k ≤ n  ; 𝜑(uui) = l + m + n+ i + 3 , 1 ≤ i ≤ l. 
𝜑(vvj) = 2l + m + n+ j + 3, 1 ≤ j ≤ m  
and 𝜑(wwk) = 2l + 2m + n + k + 3, 1 ≤ k ≤ n  
 Using this labeling, for each edge uv ∊E(𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛 ), │𝜑(u) – 𝜑(uv) + 𝜑(v)│ will form any 
one of the constants  𝑐1 = │1 – ( l + m + n) │,  𝑐2 = │2 – ( l + m + n) │ and 𝑐3 = │3 – ( l + m + n) │. Therefore, 
the disconnected graph 𝐾1,𝑙 ∪𝐾1,𝑚 ∪𝐾1,𝑛  admits an edge trimagic graceful labeling for all other cases such 
as l, m are even and n is odd, m, n are odd and l is even, l, n are even and m is odd, l, m are odd and n is even 
and l is odd and m, n  are even.Hence the theorem follows from the above all four cases. 
 We proved the disconnected graph 𝐾1,𝑙 ∪𝐾1,𝑚 ∪𝐾1,𝑛admits an edge trimagic graceful labeling. Since 
the disconnected graph 𝐾1,𝑙 ∪𝐾1,𝑚 ∪𝐾1,𝑛has l + m + n + 3 vertices and these vertices have labels 1, 2, ..., l + m 
+ n + 3, the disconnected graph 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛is a super edge trimagic graceful graph. 
Example 2.6: A super edge trimagic graceful labeling of  𝐾1,7 ∪ 𝐾1,9 ∪ 𝐾1,11 is given in figure 4. 

 
Figure 4: 𝐾1,7 ∪ 𝐾1,9∪ 𝐾1,11 with edge trimagic graceful constants 𝑐1= 26, 𝑐2= 25 and 𝑐3= 24. 

 

Theorem 2.7: The graph 𝑛𝐶4admits an edge trimagic graceful labeling for all n.                    
Proof: Let V(𝑛𝐶4) = {wi, xi, yi, zi/1 ≤ i ≤ n} be the vertex set and E(𝑛𝐶4) = {wixi, xizi, yizi, yiwi / 1 ≤ i ≤ n } be the 
edge set of the disconnected graph 𝑛𝐶4. Then the graph nC4 has 4n vertices and 4n edges. 

Define a bijection  : V E  {1, 2, …, 8n} such that  
𝜑(wi) = i, 1 ≤ i ≤ n ; 𝜑(xi) = n + i, 1 ≤ i ≤ n 
𝜑(yi) = 2n + i, 1 ≤ i ≤ n; 𝜑(zi) = 3n + i, 1 ≤ i ≤ n. 
𝜑(wixi) = 4n + i – 1, 1 ≤ i ≤ n ; 𝜑(xiyi) = 6n + 2i, 1 ≤ i ≤ n 
𝜑(yizi) = 6n + 2i – 1, 1 ≤ i ≤ n and 𝜑(ziwi) = 4n + 2i, 1 ≤ i ≤ n. 
 Using this labeling we get, for each edge uv ∊ E(𝑛𝐶4), │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │will form any one of 

the constants 𝑐1= 1 –  3𝑛 , 𝑐2 =  –  2𝑛 and 𝑐3=  1 –  𝑛  . Hence the graph 𝑛𝐶4is an edge trimagic graceful for all 
values of n. 
 We proved the graph 𝑛𝐶4 admits an edge trimagic graceful labeling. The labeling given in the proof 
of theorem 2.7, the vertices get labels 𝜑(wi) = i, 𝜑(xi) = n + i,𝜑(yi) = 2n + i, 𝜑(zi) = 3n + i, for all 1 ≤ i ≤ n. Since 
the graph 𝑛𝐶4has 4n vertices and these 4n vertices have labels 1, 2, ..., 4n. Hence, the graph 𝑛𝐶4is a super 
edge trimagic graceful graph. 
Example 2.8: An edge trimagic graceful labeling of 5𝐶4 is given in figure 5. 

 
Figure 5:5𝐶4 with the edge trimagic graceful constants 𝑐1 = 14, 𝑐2 = 10 and 𝑐3 = 4 
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Theorem 2.9: The disconnected graph (𝐶𝑚  ⨀ 𝐾1)∪𝐶𝑛 admits an edge trimagic graceful labeling for all 
values of m and for odd n. 
Proof:  Let V[(𝐶𝑚⨀ 𝐾1) ∪ 𝐶𝑛] ={ ui, vi, wj, 1 ≤ i ≤ m, 1 ≤ j ≤ n} be the vertex set, and E [(𝐶𝑚⨀ 𝐾1) ∪ 𝐶𝑛] = {uivi, 
uiui+1, wjwj+1 /1 ≤ i ≤ m,1 ≤ j ≤ n} be the edge set of the graph (𝐶𝑚⨀ 𝐾1) ∪ 𝐶𝑛. Then the graph (𝐶𝑚 ⨀𝐾1) 
∪𝐶𝑛has 2m + n vertices and 2m + n edges. 
 

Case 1: m is odd 
Define a bijection 𝜑: V ∪ E → {1, 2, 3, ..., 4m + 2n} such that  
𝜑(ui) = i, 1 ≤ i ≤ 𝑚 ; 𝜑(vi) = m + i, 1 ≤ i ≤ 𝑚 

𝜑(wj) =  

2m+2n+j−3

2
, 1 ≤ i ≤ 𝑛, j is odd

2m+3n+j−3

2
, 1 ≤ i ≤ 𝑛, j is even

  

𝜑(uiui+1) = 2m + 2n + 2i + 1,1 ≤ i ≤ 𝑚 − 1 ; 𝜑(u1um) = 2m + 2n + 1 
𝜑(uivi) = 2m + 2n + 2i, 1 ≤ i ≤ 𝑚 ; 𝜑(w1wn) = 2m + 2n + 2i – 1  
and 𝜑(wiwi+1) = 2m + n + i + 1, 1 ≤ j ≤ 𝑛 – 1  
 Using this labeling, for each edge uv ∊ E [(𝐶𝑚  ⨀ 𝐾1) ∪𝐶𝑛], │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │will form any one 

of the constants𝑐1 =│– 2m – 2n│, 𝑐2=│– 2n – m│ and 𝑐3 =│
3𝑛 – 7

2
│. Therefore, the graph (𝐶𝑚 ⨀ 𝐾1) 

∪ 𝐶𝑛admits an edge trimagic graceful labeling for odd m. 
 

Case 2: m is even 
Define a bijection 𝜑: V ∪ E → {1, 2, 3, ..., 4m + 2n} such that  
𝜑(ui) = i, 1 ≤ i ≤ 𝑚 ;  𝜑(vi) = m + i, 1 ≤ i ≤ 𝑚 

𝜑(wj) =  
2m +  

i+1

2
    , 1 ≤ i ≤ 𝑛, i is odd

2m +  
n+i+1

2
, 1 ≤ i ≤ 𝑛, i is even

  

𝜑(uiui+1) = 2m + 2n + 2i +1, 1 ≤ i ≤ 𝑚 − 1 ; 𝜑(u1um) = 2m + 2n +1 
𝜑(uivi) = 2m + 2n + 2i, 1 ≤ i ≤ 𝑚 ;  𝜑(w1wn) = 2m + n + 1  
and 𝜑(wjwj+1) = 2m + n + j + 1, 1 ≤ j ≤ 𝑛 − 1 
 Using this labeling, for each edge uv ∊ E[(𝐶𝑚  ⨀ 𝐾1) ∪𝐶𝑛], │ 𝜑(u) – 𝜑(uv) + 𝜑(v) │will form any one 

of the constants𝑐1 =│– 2m – 2n │, 𝑐2=│–  𝑚 –  2𝑛│and 𝑐3 =│
4𝑚+1 –𝑛

2
│. Therefore, the graph (𝐶𝑚  ⨀ 𝐾1) 

∪𝐶𝑛admits an edge trimagic graceful labeling for even m. 
Hence, the theorem follows from case 1 and case 2. 
 Since the graph (𝐶𝑚  ⨀  𝐾1) ∪𝐶𝑛has 2m + n vertices and these 2m + n vertices have labels 1, 2, ...,2m 
+ n. Hence, the graph (𝐶𝑚  ⨀ 𝐾1) ∪ 𝐶𝑛is a super edge trimagic graceful graph. 
 

Example 2.10: An edge trimagic graceful labeling of (𝐶5 ⨀ 𝐾1)∪𝐶7 and (𝐶6 ⨀ 𝐾1)∪ 𝐶9are given in figure 6 
and figure 7. 

 
Figure 6:(𝐶5 ⨀ 𝐾1)∪ 𝐶7 withedge trimagic graceful constants𝑐1 = 24, 𝑐2= 19 and 𝑐3= 7. 
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Figure 7:(𝐶6 ⨀ 𝐾1)∪𝐶9 with edge trimagic graceful constants𝑐1 = 30, 𝑐2= 24 and 𝑐3= 8. 

 

CONCLUSION 
In this paper, we proved that the disconnected graphs (Cm⊙K1)∪Pn, 𝑛𝑃3, 𝐾1,𝑙 ∪ 𝐾1,𝑚 ∪ 𝐾1,𝑛,𝑛𝐶4 and 
(𝐶𝑚⨀𝐾1)∪ 𝐶𝑛  are edge trimagic graceful graphs, using these ideas we can find more Edge Trimagic Graceful 
labeling of some more disconnected graphs. 
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