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ABSTRACT In this Paper we have introduced and study subclasses of multivalent functions with negative

coefficient by using Dziok-Srivastava operator defined in unit disk. Here we have studied coefficient estimates,
Distortion Theorems, Extreme Points. These results include many results as particular cases.
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1.INTRODUCTION
Let Cp, denote the class of functions of the form
f(2) = 20 + N5y Qs p2**P @)
which are analytic and multivalent in the open unit disk U = {z: |z| < 1} and normalized by f' (0) = f (0) +1 =
1. Letf € Cp given by (1) and g € C, given by

g (2) =20 + Xy BrapZ*P . (2)
We define the convolution product (or Hadamard) of f and g by
(fg)(z) =zp + X, Ai+p ﬁk+p z**P = (g*f) (2); (z€el) (3)
For +ve real parameters aj, az, ----- ,am and by, by, ------ , by .
(b]- €C/Zy,Zy =0,—1,-2,......... ;i=12,....,q ), the generalized hyper geometric function
mFq (a1, az, ----------- ,am, b1, bz, ------mmmoo- ,bq; z) is defined by
o0
@)y e v (@)n 1
mby (@1, Q) v Qs by, Dy, D5 Z) = 0 D - B .Ez”
n=

(q<s+1;s5,qeNy=NU{0},)N={1,2,...}; z€ U) Where( ), is the Pochhammer symbol defined in
terms of the Gamma function, by

_F(<I>+n)_{ 1 n=0
(Jn = ) ll@+1).... (p+n—-1) ,neN
For the function
h(ai,az,---,am b1, b2, ----,bq;2) =z ¢Fs (a1, az, ----,am b1, bz, ------ ,bg;2),
the Dziok-Srivastava linear operator ( see [1]).
Hm,q [al y Az, ==mmmmmms , am, b1, by, -------- ) bq) : Cp _>Cp
is defined by the Hadamard product as follows:
Hmgq (21,22, ----,@am, b1, bz, -, by) f(z) = h (ay, az, ---, am, b1, b2, ----, bq; 2 )*{(2)
= ZP 4+ Yoo Th@)an, 2™ (z€U) (4)
Where
(@)= eeeeeee (am)n-1 1
n(ay) = (D1) g oo (bgn-1 (-1 ()

For brevity, we write
Hing (a1,az, ==, am, b1, bz, ===, bg; 2) f(z) = Hmq (a1) f(2)
Definition 1. Let the function f (z) be defined by (1) then f(z) € S, 4(2) if and only if

z (Hm,q (a)f (@)

Hmn,gq (a1)f(2) (6)
Definition 2. Let the function f (z) be defined by (1) then f(z) € S;, ;(2) if and only if
Hm,q (a1)f (2)
Re — 2 ima @I @) > 0, 7)

Hm,q (a1)f(2)- Hm,q (a1)f (-2)
these classes of functions are called starlike with respect to symmetric points in U.
Let T, denotes the subclasses of C, consisting of functions of the form :
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f(z) =27 - Z?=1ak+pzk+p (A+p 20.) (8)
Definition 3. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to
symmetric points if it satisfies the following condition:

’

2(Hm,q (a)f (@) - @ 2(Hp,q (1) (2)) 9
tmg @F@—timg @072 P| < P |t @0 @)= fimg @012 )
For some 0 <f <1,0 <a<1andz € U. We denote the class m-g-starlike with respect to symmetric

points by Sg . 4 T, (2)-
Definition 4. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to
conjugate points if it satisfies the following condition:

’

2(Hin,q (a)f (2)) - @ z(Hm,q (a1)f @) 10
Hm,q (a)f(@)+ Hm,q (a1)f(2) ﬁ Hm,q (a1)f(2)- Hm,q (a)f(2) ( )
For some 0 <f <1,0 <a<1landz € U. We denote the class m-g-starlike with respect to conjugate

points by S¢ . ¢ T (2).
Definition 5. Let the function f(z) be defined by (8). Then f(z) is said to be m-q starlike with respect to
symmetric conjugate points if it satisfies the following condition:

2(Hm,q (a1)f (2)) -

Hm,q (a1)f(2)- Hm,q (a)f(=2) ﬁ
For some 0 <f <1,0 <a<1andz € U. We denote the class m-g-starlike with respect to symmetric
conjugate points by Ss*c,m,q T, (2).

@ z(Hm g (a1)f @)
Hm,q (@1)f(2)+ Hmq(a1)f(Z2Z)

-p (11)

2. COEFFICIENT ESTIMATES
Theorem 1. Let the function f be defined by (8) and H,, ; (a,)f(z) — Hy, 4 (a;)f(—=2) # 0forz# 0. Then

f(z) is in the class S; , ; T, (2) if and only if

i Fk(al)[k(l +Ba)+ p ((—1)’”” +pla+1-— (—1)k+p))]ak+p < Bla+1—=(-1)P)p +p (—1)P.
(12)

Proof: Let f(z) € S¢pmqT,(2), then

’ ’

z(Hpq (@)f(2)) p @z (Hpq (a)f (@) .
Hra @) @ — g @)f 2P| P |t @ @ = Hog Gaf) P

Using (4), thatis

Hyq(a1)f(2) = 2P - Z G(a) e, 24P
and =t
Hing (@)f(=2) = (=1 20 = )" (80 (“DFP 7547
k=1

then we have

’

2 (Hyng (@)f (@) = P Hiq @)f (2) + pHyg (a1)f (~2)
< B |2(Hung @)f @) +p Hyg (@)f (2) = pHingq (@) (—2)

that is

[ee]

o0 o0
pzP — Z (p + k) (a) ks ZKP —pzP + Z phi(a) @y 2P +p (=P 2P — p L (a) ey (—1)+P Zk+
k=2 k=2

k=1

o0 o0
pazf— Zk—za(p + k)rk(al)ak+p zMP +p 2P — Z ~ prk(al)ak+p ZP —p (=1)P 2P

<B

o0
D) F(@) g, (~1)FP 247

k=1

Which readily gives
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o0
P-1P27 = D @)y 7P [k +p = p + p(=1)**7]

k=1

(@+1=(=D"p 2" = D L@z [alk +p) +p — p(~1) 7]

<8
k=1
also,
[P(~1DP2P1+ D @)y 212 + p(= 1))
k=1
< Bl@+1=(DPp 2Pl = ) Ga)lal**? [aflk +p) + fp ~ pp(-1)*7]

thatis =

= p(-DPIZP + D @)y 2Pk + p(— D] + ) F(a)lzl**? [l +p) + p - pB(—1)*7]

<Blat1- (Dl

Which gives

Z L(a)[k(1 + pa) + p (D% + Bla + 1 = (=1)**P))]aeyp 2|7
k=1

< [Bla+1—-(DPp+ p(=DP]lz[?
Let |z| = 1. So we have
o0

D @[k + o) + p (D47 + Bla+ 1= (1), < fla+1- (=1 +p (-1,
k=1

Hence by maximum modulus theore, we have f(z) € S, , T,(2).
Conversely: - we assume that

’

2(Hmq (a)f@)
Hmgq @0f @~ Hmgq @f(-2) P

, < B

@ 2(Hm,q (a)f (@) .
Hmgq @)f @ Hmygq @nf(-2) ' P

thatis
p(-1PzP - T3 T (@) app 2P [k+p—p+p(-1)K+P]
(a+1-(-1)P)p zP- T_, Ik (a)zk+P [a(k+p)+p—p(-1)k+P] ﬁ
Now since Re f(z) < |f(2)| for all z we have
p(—1)PzP— 3 () sy 28 P+ p—p+p(-1)KHP]
{(a+1—(—1)p)p zP— Zfzil"k(ai)zk*'p [a(k+p)+p—p(—1)k+p]} ﬁ
(13)
2(Hm,q (a)f (2))

Hm,q (a1)f (2)- Hm,q (a1)f (-2)
Hpq (a)f(—2z) # 0forz# 0. Upon clearing denominator in (13) and letting z —1- along the real values, we

On the real axis choose values of z, we have —pisrealand H,, ; (a,)f (z) —

= P-DP + ) F(@) ey e+ p(=1)]

k=1
< B@+1=(DMp— ) Fila) (Bl +p)+fp — pB-1*] s,
k=1

This completes the proof of Theorem 1. =

Corollary 1: Let the function f(z) defined by (8) be in the class S;, 4 T,,(z). Then we have

Bla+1-(=1)P)p+p (-1)P
>
r(ap[k+pa)+p ((-DF+P+p(a+1-(-1k+P))| (k= 1). (14)

The equality in (14) is attained for the function f(z) given by

Bla+1-(-1)P)p+p (-1)P K+
= zP — p >
f(Z) Z I"k(a1)[k(1+,3“)+ p ((_1)k+p+B(a+1_(_1)k+p))] z (k = 1) [15)

Aprp <
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Theorem 2: Let the function f be defined by (8) and H,,, , (a;)f (2) — Hp,q (a1)f(2) # 0forz# 0. Then f(z)
isin the class S¢ ., 4 T, (2) if and only if

i, Te(a)lk(1 + Ba) — p (1 — B(a +2)]as, < pB(a+2) —p.

(16)
Corollary 2: Let the function f(z) defined by (8) be in the class S;,, q p(z) Then we have

pB(a+2)-p
Dierp = rrla)k(@+Ba)—p (1-B(a+2))] (e =1). (17)
The equality in (17) is attained for the function f(z) given by

— 0 _ pp(a+2)-p k+p >
f@) = 28 — G pa-pap@r) Z (k = 1). (18)

Theorem 3. Let the function f be defined by (8) and H,, ; (a,)f(z) — H,, 4 (a;)f(=Z) # 0forz# 0. Then

f(z) is in the class Sg. ,,, alp T,(z) if and only if

i Fk(al)[k(l +Ba)+ p (( D + Bla+1— (—1)k+p))]ak+p < Bla+1—=(=1)P)p +p (1.
(19)

Corollary 3: Let the function f(z) defined by (8) be in the class S, 4 T, (2). Then we have

Bla+1-(-D)P)p+p (-1)P
>
ri(ap[k+pa)+p ((-DF+P+p(a+1-(-1k+P))| (k= 1). (20)

The equality in (20) is attained for the function f(z) given by

Bla+1-(-1)P)p+p (-1)P K+
= zP — p >
f(Z) VA I"k(a1)[k(1+,3“)+ p ((_1)k+p+B(a+1_(_1)k+p))] z (k = 1) [2 1)

Aprp =

3. GROWTH AND DISTORTION BOUNDS
Theorem 4. Let the function f defined by (8) be in the class S; ,,, ; T,(2). Then for |z| = r < 1, we have
Bla+1-(=1)P)p+p (-1)P p+1

P _
lf@l=r (1+ ap)+ p[(-D)P+1+ ga+1-(-1)P*+1)] (z2)
and
Bla+1-(-1)P)p+p (-1)P
P p+1
lf@Dl <P+ (1+ af)+ pl-DPH+ flar1-(-0PH )] | #3)

for z € U. The equalities in (22) and (23) are attained for the function given by

Bla+1-(=1)P)p+p (-1)P
=zP — p+1
If @ =27 — s icor s paricor; - 2 (24)

atz=r.
Proof:- Since fork > 1
(1+ af) + p[(=DP** + Bla+1— (=1)P*1)]
< L(@)[k(@ + Ba) + p (D7 + Bla + 1 - (=1)¥*P))]
using Theorem 1, we have

((1+ @) + pI-DP + la+ 1= 1P iy

k=1

Z Rap[k(1 +Ba) + p (DM + Bla+1— (~1*)]

< ﬁ(a+1—( DP)p +p (1)

IA

then

© Bla+1-(-1)P)p+p (-1)P
Zic=1 Tep < (1+ ap)+ p[(-DP+1+ pa+1-(-1)P*1)] (2°)

From (25) and (8), we have

NG Bla+1—(-1P)p+p(-1)? +1
f@l =z 7P —r? Zk=1“"+p 2T Tt ap) + pleDP i+ fla+ 1—(—Dr)] |
and
RN Bla+1—(=DP)p+p (-1)? +1
F@IS TP ) i ST+ T any Tt fla T 1= GO

This completes the proof of Theorem 4. =
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Theorem 5:- Let the function f(z) defined by (8) be in the S5, ; T,(2). Then for |z| = r < 1, we have
(Bla+1-(DP)p+p (-DP)(1+p) P

/ -1 _
F@l = p ™ — o picopr s plari—opo] (26)
and
/ —1___ (Bla+1-=DP)p+p (-DP)(1+p)
F@I <P = o picore s par-opr) (27
for z € U. The equalities in (22) and (23) are attained for the function f(z) given by (24)
Proof:- for k = 1. Using theorem 1, we have
o0
((1+ @) + D"+ fla+ 1= (VP Y (k4 Pa,
B =
< (149) ) L@k + ) + p (DM +fla+ 1= (—1)*P)]
k=1
<A+pBla+1-(DPp+p (-DP}
then
o0 (Bla+1-(=1)P)p+p (=1)P)(1+p)
Zicwa(k + P < o i pis plari-C0pro] (28)
From (28) & (8), we have
® a+1-(CDP)p+p (—1)P)1 +
F@IZpr =Y Py = prot = Cprp CDNAHD
k=1 (1+ ap) + pl(-=D)P** + Ba+1— (=1)P*1)]
And
°° Bla+1-(DP)p+p (=DP)(A +p)
Y < p-1 P Z k < p-1
FOlspritar 2, P < P O Pl DP + flat 1- (—DP] |

This completes the proof of Theorem 5. =
On similar lines of Theorem 4 and Theorem 5, we can easily prove the following Theorem 6 and Theorem 7
respectively for f(z) belongs to S¢ ., ; T,,(2).

Theorem 6. Let the function f defined by (8) be in the class S;,,, ; T;,(2). Then for |z| = r < 1, we have

D _ pB(a+2)-p p+1
@z = i@ " (29)

and

» pB(a+2)—p p+1
@l =7+ o s " (30)

for z € U. The equalities in (29) and (30) are attained for the function given by

— D _ pB(a+2)-p p+1
@ = 2¥ — o s (31)

atz=r.

Theorem 7 :- Let the function f(z) defined by (8) be in the S¢,,, ; T;,(2). Then for |z| = r < 1, we have

/ p-1 _ _pBla+2)-pl(1+p) 4
If@lzpr (+ap)—p 1-Bla+2)] | (32)

and
/ < o1 _ _[PBa+2D)=pl(+p) 5
F@l e - e pipasa | (33)
for z € U. The equalities in (32) and (33) are attained for the function f(z) given by (31).

4. EXTREME POINTS
Theorem 8:- Let f,,(z) = z” and
Bla+1-=DP)p+p (-DP k+p

= zP —
fiewp(@) = 2 Feao kg p (CORPHp(ari-C0e)]
where k > 1. Then f(z) € S, 4 T,(2) if and only if it can be expressed in the form
f@) = Ximo Yisp fk+p (2) (35)
Where Yy, =0(k =1)and X5, Yy, = 1.

(34)

Proof: Suppose
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F@ = ) Y fip@

_Zp_zw Bla+1-(=DP)p+p (-1)P S+
k=0 I} (a)[k(1 + Ba) + p ((mD)¥*? + B(a + 1 — (—1)k+7))] Ve
Then we get
o0
3 Bla+1—(~1)")p +p (~1) @)k +Ba) + p (CD**? + Bla+1— (-1
— L (a)[k@ + pa) + p (CD*P + Bla+ 1 - (=D*)] Bla+1-(=1)P)p+p (-1
o0
= Yesp =1- Y, <1
k=1
it follows from Theorem 1 that the function f(z) € S, 4 T, (2).
Conversely: suppose that f(z) € S, 4 T,,(2) . Again by using Theorem 1, we can show that
Bla+1-(=1)P)p+p (-1P
|a’k+p| < Fk(a1)[k(1+,8a)+ » ((_1)k+p+B(a+1_(_1)k+p))] (k =1). (36)
setting
r(ap[k+pa)+ p (DR P+p(a+1-(-D*+P) )]
Yew| < Bla+1-(-=1)P)p+p (-1)P (37)
and
Y, =1- 2, Yy (38)

We can see that f(z) can be expressed in the form of (34). This completes the proof of Theorem 8.

Corollary 4: The extreme points of the class S;,, 4 T,(2) are functions f,,, (z) (k =1,p € N) given by
Theorem 8.

Similar to Theorem 8, we can easily prove the following theorems for f(z) € S;,,,T,(2) and f(z) €
Ssem,q Tp(2) classes.

Theorem 9:- Theorem 8:- Let f,(z) = zP and
— 0 _ pB(a+2)-p k+p
few@) = 27 = L Skt Ba-p (=g © (39)
where k > 1. Then f(2) € S;,,, T,(2) ifand only if it can be expressed in the form f(z) = X} Yisp fisp(2)

where Yy,, =20 (k =1)and X Yeyp = 1.

Corollary 5: The extreme points of the class S;
Theorem 9.

‘mq Ip(2z) are functions fi,, (z2) (k =1,p € N) given by

Theorem 10:- Let f,(z) = z? and

Bla+1-(=1)P)p+p (-1)P K+
= 7P — p
fk+p (Z) Z Fk(al)[k(1+ﬁa)+p((_1)k+p+ﬁ(a+1_(_1)k+p))] z [40)

where k > 1. Then f(2) € S ,qT,(z) if and only if it can be expressed in the form
f(2) = Y=o Yisp frip(z) Where Yy, =0 (k = 1) and Y7o Yisp = 1.

Corollary 6: The extreme points of the class S; ,, 4 T,,(2) are functions fi,, (z) (k =1,p € N) given by
Theorem 9.

5. PARTICULAR CASES
We have the following interesting relationships with some of the special function classes for suitable
choices of parameters, which were investigated recently:
(i) Forq=2s=1,a=A+1 (A>-1) and az = b1 = 1 the class H,, 4 (a;)f(z) reduces to the class
D* f(z),where D* (1 > —1) is theRuscheweyh derivative operator (see [10] and [13]).
(i) Forq=2,s=1,a1=2,a,=1and by = 2-p (n # 2,3,.) the Dziok-Srivastava Operator H,, , (a;)f(2)
reduces Q¥ f(z) . Where Q¥+, is the Srivastava-Owa fractional derivative operator (see [5] and [7]).
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10(1978)

(iii) Forq=2,s=1,a1 =2, a,=1and by = k+1(k > -1) the Dziok-Srivastava Operator H,,, (a,)f(2)
reduces to Ik f(z). Where Ix is the Noor integral operator (see [14]).

(iv) Forq=2,s=1,a;=v+1(v>-1), a2 =1and by =v +2 the Dziok-Srivastava Operator Hy q (a)f(2)
reduces to ], f(z). Where ], is the Generalized Bernardi-Libra-Livingston operator (see [4],[6],[8]).

(v) Forq=2,s=1,a=a(a>0),a=1and b: =c (c >0) the Dziok-Srivastava Operator H,, ; (a,)f ()
reduces to L(a,c). Where L(a,c) is the Carlson-Shaffer Operator (see [12]).

(vi) Forq=2,s=1,a1=pu(pn>0),az=1and bs=A+1 (A>-1) the Dziok-Srivastava Operator H,, , (a;)f(2)
reduces I, f(z). Where I, is the Choi-Saigo-Srivastava Operator (see [3]).

(vii) For q =2 and s = 1 the Dziok-Srivastava Operator H,,, (a;)f(z) reduces to the Hohlow Operator
152, (see [9]).
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