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On Signed Cycle Domination Number for Some General Graphs

1G. Geetharamani & 2N. Pavithra*
LzDepartment of Mathematics, Anna University, BIT Campus, Trichy-620 024, Tamilnadu, India

ABSTRACT: Nowadays, Domination problems have many applications like resource allocation, network routing,
electronic circuits and encoding theory problems. Let G = (V,E) be a graph. A function f:E — {+1,—1} is
called a signed cycle dominating function (SCDF) of G if ¥..cg(c) f(e) = 1 holds for every induced cycle C of G.
The signed cycle domination number of G, denoted by V..(G), is defined as
Vs (G) = minii¥eer(q) f(€) |f is an SCDF of G }. In this paper we obtain some exact values of signed cycle
domination number for few classes of graph.

Keywords: Signed cycle domination function, Signed cycle domination number, corona product.

I. INTRODUCTION

The concept of signed cycle domination of graph was introduced by Xu, see [4], which characterized
all connected graphs G with y;C (G) = |E(G)|-2, and determine the exact value of y;c (G) for tree, fan graph,
complete graph, wheel graph, and list two open problems and three conjectures. In [2], Jian Guan et al.
proved two conjectures and disproved one conjecture. Later, Xiao Ming Pi [5] characterized all maximal
planar graph G with order n = 6, then y'SC (®=n.
Recently, Sundarakannan and Arumugam proved that the decision problem of SCDN is NP-complete, see [3].

In Signed cycle domination, a finite, undirected and connected simple graph G with vertex set
V(G) and edge set E(G) are considered. In a graph G the order and size of G denoted by n and m respectively.
Let open neighborhood and the closed neighborhood of v is denoted by N(v) and N[v] if N(v) = {ueV: uveE}
and N[v]=N(v) U {v}. If S €V, then S is an induced subgraph of G and is denoted by (S). C is an induced
cycle of G if (V(C)) = C. A unicyclic graph is a connected graph containing exactly one cycle.

A m-partite graph is a graph whose vertices can be partitioned into m different independent sets
{V1,V2,..,Vim}. A complete m-partite graph is a m-partite graph in which there is an edge between every pair
of vertices from different independent sets Vi and V;, i # j; it is denoted by K, ,, ., 3, where ri=|Vj|.

The graph G © H is obtained by taking |V(G)| copies of H and joining the i-th vertex of G to all
vertices in the i-th copy of H. G © H is called the corona of G and H. It is not commutative, i.e, G© H+# H o G.

[1] Let G = (V,E) be a graph; a function f:E — {+1,—1} is called a signed cycle dominating
function (SCDF) of G if Yccg(c) f(€) = 1 holds for every induced cycle C of G. The signed cycle domination
number (SCDN) of G, denoted by y;c (G), is defined as y;c (G) = min {Teeg (g f(e) |fisan SCDF of G }.

I1. Main Results
In this section we present signed cycle domination number of some classes of graphs such as
cycle, K,, o K, K-vertex disjoint cycles, unicyclic graph.

Theorem 1. Let G be a cycle with n > 3, then signed cycle domination number
, (1 if nisodd

Voo (Cn) = { 2 if niseven
Proof: Let G be a cycle of length n > 3. Let the edges of G, in order, be ey, e,, €3, ... €,. The result is obvious
when n=3 or n=4. Suppose that n > 5.
We consider two cases:
Case 1 Let G be the cycle with odd length, then signed cycle domination function (SCDF) f of C,, is defined as
follows:

Special Issue [JRAR- International Journal of Research and Analytical Reviews 1
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-1 ifee€ {61,62,63, ...,€n—1}
2

+1 otherwise

fle) =

The signed cycle domination number is
Ysc (Cn) = min{ZeEE(Cn)f(e) | f is an SCDF of G}
Yee (C2) = min{Teer, ) f(€) — Teeryc,) f(€) | f is an SCDF of G}

Where E; denotes the set of edges of C,, with f(e) = 1, and E, denotes the set of edges of C, with f(e) = —1.
As
-1
ZeEE(C)f(e) =1, |[E;| = nT,
-1 1
|E1l = |E(C)I = |E;| =n— "7 =%,

2
Yee (Cr) S{ZeeEl(cn)f(e) - ZeeEz(Cn)f(e)}'

Yor(C) S T2 -T2 <1,

By the definition of any SCDF
eercy) f(e) =1

Hence y,.(C,) = 1, when n is odd.

Case 2. Let G be the cycle with even length, then signed cycle domination function (SCDF) f of C, is defined
as follows:
-1 if e €f{e, ey 63 ...,en_}
2

fle) =941 otherwise

As in the previous case, let E; denote the set of edges of C,, with f(e) = 1, and E, denotes the set of edges of
C, with f(e) = —1.

Clearly, |E;| =(n/2)—-1,

Byl = [ECC)I = |E;] =n—((n/2)-1)=(n/2) +1.

Then ¥,.(C,) < (n/2) +1—((n/2) — 1) < 2.

Next we prove that y,.(C,) = 2.

Suppose ¥, (C,) < 2, {Teer, f(€) —Yeoer, f(€)} =1, that is, ny + n, = n. Where, n; = |E;| and n; —n, = 1.
This implies 2n; = n + 1, it contradicts as right hand side is odd and left hand side is even. Hence
Yo (C,) = 2, where n is even.

Theorem 2. The signed cycle domination number for complete graph [1] is (’21) —2|n/2].

Theorem 3. Let r and s be positive integers where r > 3 and s > 1, then

Yoo (K, 0K,) = (;) —2(|r/2]) — rs, Where o denotes the corona product.

Proof: Let K, be the complete graph with r vertices and K; be the complement of K. The graph K, o K,
obtained by taking r copies of K, say V;,V,, ..., V. and joining the i-th vertex of K, to all vertices in the i-th
copy of K, that is, to V/;.

We suppose thatr > 3and s > 1.

Now assign the value —1 to [r/2] independent edges of K, and all the edges incident with the end vertices
of K, © K. As this assignment is an optimal one,

Vo (K oK) = () — 2(lr/2]) — 7.

Theorem 4: Let G © H be any graph. Then Signed cycle domination number for G © H is
¥se(G O H) < Y5 (G) + nys(H) + mn
Proof: If number of vertices in G is |V (G)| = n, number of vertices in His |V(H)| = m

2 | [JRAR- International Journal of Research and Analytical Reviews Special Issue
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Let Q; be the number of edges which associates each vertex v; in G to H;.

Q=Y @; = nm and total number of vertices in | G © H| = n + mn.

Ve (G) = mini?{iEeeE(G)f(e) | f is an SCDF of G}

Ve (H) = mini?{EeeE(H)f(e) | f is an SCDF of H}

By the definition of corona, ith copy of G is adjacent with all vertices in it copy of H. Therefore, there exist n
copies of H. i.e,, n y,. (H) exist.

Signed cycle domination number for G © H is less than or equal to sum of the SCDN of graph G, SCDN of
graph H and Q.

ie, ¥ (GOH) <y (G) + nys(H) + mn

Theorem 5. Let G be a connected graph in which each of its block is either a cycle or an edge and further,
the cycles are vertex disjoint. If the disjoint cycles are C;,,C;,,Cp, ..., Cyy, Yk I, =r, then Yo (G) =

Yo Yee(C) — (n+ k—71—1).
Proof. Let f be a minimum SCDF. As each edge of E(G)\ U, E(C;) is not on a cycle, let f(e) = —1. Let
f; = {f|C; be a minimum SCDF on C;}, then 5. (G) = ¥, y,.(C) — (n+ k—r —1).

Corollary 6. Let G be a unicyclic graph and let C be the cycle of length [ in G. Then
—n+2 if lis even

, l
VSC(G)_{l—nH if Lis odd
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RELATIVE CONTROLLABILITY OF FRACTIONAL STOCHASTIC DELAY
DYNAMICAL SYSTEMS WITH DISTRIBUTED DELAYS IN CONTROL

1*S. Pattatharasi, 2 R. Nithyakala & 3M. Sivabalan
"*Department of Mathematics, Sree Ramu College of Arts and Science,
Pollachi 642 007, Tamil Nadu, India.
2Departments of Mathematics, Vidyasagar College of Arts and Science,
Udumalpet 642 126, Tamil Nadu, India.
3Department of Mathematics, Sri Ramakrishna Mission Vidyalaya College of Arts and Science,
Coimbatore 641 020, Tamil Nadu, India.

ABSTRACT: In this paper, we study the relative controllability of fractional stochastic delay dynamical systems
with distributed delays in control, which involves Caputo derivatives. A necessary and sufficient condition for
relative controllability of linear stochastic delay dynamical system with distributed delays in control has derived
based on controllability Grammian matrix is defined by Mittag-Leffler matrix function. Sufficient condition for
relative controllability of thecorresponding nonlinear stochastic delay dynamical system has established by
using Schauder’s fixed point theorem. Finally, a numerical example has given to verify the results.

Keywords: Controllability, Stochastic delay systems, Mittag-Leffler matrix function,Fractional differential equations.

1. Introduction

Fractional delay dynamical systems are an important kind of fractional order systems in real life. In
recent years, some authors pay attention to the study about the fractional delay dynamical systems [1-7].
Fractional models are more accurate than integer models. Fractional calculus provides an excellent
instrument for the description of systems with memory and hereditary properties. At the same time, the
fluctuations in nature can be captured only by adding random elements into the differential equations,
which are called stochastic differential equations [8-14]. In particular, time delay frequently exists in control
[15-18].

For the systems we study in this paper, we consider two factors (controllability of fractional delay
systems, and stochastic) synchronously. The results of this paper should be useful.

2. Preliminaries

Let o, >0, withn—1 < a < n,n—1< f < nandn € N, Dis the usual differential
operator. Let R™ be the m-dimensional Euclidean space, R, = [0, ), and suppose f € L'(R,). The
following definitions and properties are well known, for @, § > 0 and fas a suitable function [8, 9].

(a) Riemann-Liouville fractional operators:
1 X
n—a — _ (a—1)
@ D) = s | =0 Vr@a
D5+ (%) = D" (g5 (%)

(b) Caputo fractional derivative:

( CD8+ f)x) = U5*D" (%),
In particular I§,“D¢, f(t) = f(t) — f(0),(0 < a < 1).

The following is a well-known relation, for finite interval [a, b] € R,

(k)
08, )0 = (v f)<x>+2mf+ e

4 | IJRAR- International Journal of Research and Analytlcal Reviews Special Issue
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The Laplace transform of the Caputo fractional derivative is

n—1

L{ CD8(+f(t)} — SaF(S) _ Z f(k)(0+)sa—1—k.

k=0
From the above we notice that, the Riemann-Liouville fractional derivatives have singularity at zero and the
fractional differential equations in the Riemann-Liouville sense require initial conditions of special form
lacking physical interpretation. To overcome this difficulty Caputo introduced a new definition of fractional
derivative but in general, both the Riemann-Liouville and the Caputo fractional operators possess neither
semigroup nor commutative properties, which are inherent to the derivatives on integer order. Due to this
fact, the concept of sequential fractional differential equations are discussed in Kilbas et al. [8] and Miller
and Ross [9].

(c) Linear Sequential Derivative:
Forn € N the sequential fractional derivative for suitable function fis defined by

fEO = @ f)@) = (DD D) (),

where k = 1,...,n,(D“f)(x) = f(x), and D%is any fractional differential operator, here we mention it as
Cna
Dg ..
+

(d) Mittag-Leffler Function

N
Eop(y) = kZOF("“ﬁ)' a, B > 0.

The general Mittag-Leffler function satisfies

*° 1
f e ttPTIE, p(t9y)dt = ——, In < 1.
0 ' 1-y

The Laplace transform of E, ; (y) follows from the integral

3 eopot Sa—/?
THPTUE, g (Fatfy)dt = —
fo € ap (£at"y) sF¥a

That is
p-1 s
L{tPTE, s (Fat®)} = —,
{ a,B(—a )} sFa

1
For R(s) > |al« and R(B) > 0. In particular for g = 1,
ka

] o N Ay
E,1(Ay*) = E,(Ay )=Zm, ALy€ec
i=o

Have the interesting property CDS+E0, (Ay%) = AE(Ay%)and

a=f

L{E, (+at®)} = ; ~, forf=1

C

For brevity of notation let us take /§, as /*and CD8‘+ as D and the fractional derivative is taken as Caputo

sense.

3. Linear system
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Consider the linear fractional stochastic delay dynamical system with distributed delays in controlof the
form

0
cD*x(t) = Ax(t) + Bx(t—h) + f d.Ct, Du(t+ 1) + cr(t)J te]:=10,T]

x(t) = (), x'(0) = ¢'(D), (3.1)
u(t) = yY(t), —h<t<O0.

Wherel < @ < 2,x € R, u € R™, Aand B are n X nmatrices, C(t, 7)is an n X mmatrix,continuous in tfor
fixed Tand is of bounded variation in Ton [—h, O]for each ¢ € J.The integral term is in the Lebesgue Stieltjes
sense that is denote by the symbol d,, for function u: [-h,T] = R™andt € ], we use the symbol u, to
denotes the function on [—h, 0) defined by u,(7) = u(t + ) for t € [—h,0).

The general solution of system (3.1) can be written as
x(t) = P (O@(0) + thocZ(t)(p 0)

+BJ (t—s+h)* 1P, (t—s+h)e(s)ds
f(t—s)“ 1o, (t—s) U d.C(t, T)u(t+‘t)] ds

+ f (t— )" 1dy, (t—s) ( f (8) dw(@)) ds. (3.2)
0 0

Now using the well known result of unsymmetric Fubini [19] theorem and change oforder of integration to
the last term, we have

0
x(t) = ¢, (D)(0) + tCDa_z(t)(p’ 0) + Bf (t—s+h)* 1P, (t—s+h)e(s)ds
—h

0 0
+ J dc, U (t— )1, o (t —s)C(s,Du(s + 1) ds]
—h —h

+ Jot(t _ S)a_lq)a,a (t—-s) <JOT0'(9) dm(@)) ds,
0

x(t) = B (©@(0) + td, ;D' (0) + B j (t—s+h)* D, (t— s+ h)g(s)ds
0 0 - »
+ f dC, U (t —(s— ‘t))a dDa,a(t —(s— ‘r))C(s —1,Y(s) ds]
—51 tt+t 1
+ J dC, U (t —(s— r))a Cba‘a(t —(s— t))C(s -, ‘[)] u(s)ds
—h 0

+ Lt(t —s)* 1t (t—5s) (LTG(O) dm(@)) ds

0 0 w1
x(t) = x(t; @) + f ) dc, [f (t —(s— ‘t)) dDa,a(t —(s— ‘t))C(s —1,DY(s) ds]
t 0
+ f dC, [f (t —(s— r))m_1 CDa_a(t —(s— r))dTCt(s -, T)] u(s)ds
0 ~h

+ ft(t —s)* 1t (t—5s) (frc(e) du)(e)) ds, (3.3)
0 0

where,
0
x(t @) = D, (DP(0) + 10, (V' (0) + B j (t=s+h)* g (t—s +h)p(s)ds.
—h

_(C(s,T), s<t
ceo={"0" 23
and dC, denotes the integration of Lebesgue Stielties sense with respect to the variablet in the function
C(t, 7).
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For our convenience, let us take

0
H(t,s) = f (t— (G- r))a_lcbala(t - (s-1)d.C(s -1 D. (3.4)
~h
Define the controllability Grammian Matrix
T
w(Q,T) = f H(T,s)H*(T,s)ds, (3.5
0

where the * indicates the matrix transpose.

Definition 3.1.

The set y(t) = {x(t),u,}is the complete state of the system (3.1) at time t.
Definition 3.2.

System (3.1) is said to be relatively controllable on ] if for everycomplete state y(0) and every vector
X1 € R™ there exists a control u(t) defined on J such that the corresponding solution of the system (3.1)
satisfies x(T) = x;.
The following notations that will be used throughout this paper.

Let (Q, F, P) be a complete probability space with a filtration {F,},5, satisfying the usual conditions
(i.e. right continuous and Fjycontaining all P-null sets).Let (£, F, P) denotes the complete probability space
with a probability measure P on 2 and w(t) = (wl(t),wz(t),---,wn(t))* be an n-dimensional Wiener
process defined on the probability space. Let {F;|t € J} is the filtration generated by {w(s) : 0 < s < t}
defined on the probability space (2, F, P). Let L,(2,F;, R™ X R™) is the Hilbert space of all F,- measurable
square integrable random variables with values in R™ x R™. Let L} (J, R™) is the Hilbert space of all square-
integrable and F,- measurable processes with values inR™. Let C,,(J) = C(], Lz(.Q,th,R”)) be the Banach
space of continuous maps from J into L,(£2,F,, R"). Define B = C,(J) X C,,(J) be the Banach space of
continuous L,(2,F,, R™ x R™) valued F,- adapted square integrable functions (z(t), v(t)) with norm
Iz, WII> = llzIl* + llv]|*, where ||z||> = 7&Ellz(t)]|%, E() denotes the mathematical expectation operator of
stochastic process with respect to the given probability measure P and Ug,:L5(J,R™) is the set of
admissible controls.
Theorem 3.1.

The linear control system (3.1)is relatively controllable on [0, T ]if and only if thecontrollability

Grammian matrix W(0,T) = fOT H(T,s)H*(T, s)dsis positive definite, forsome T > 0.

Proof:
We first show that the necessity. Suppose thatW is not positive definite. ThenWWis singular and so its

inverse is does not exist, and there exists a nonzero y such that
T

y'Wy = y*f H(T,s)H*(T,s)yds = 0,
0
and hence, fors € [0,T ]
0
v*H(T,s) = y* f (T —(s— ‘t))a_lcba‘a(T —(s— ‘c))dTCT(s —1,1) =0. (3.6)
~h

Now choosey = x(T; ¢)and take Y (s) = 0. Since system (3.1) is relatively controllable, there exists a
control u € C(J) such that if steers the complete state y(0) = {@(0), ¢ (0), ¥ (s)}to the origin in the
interval J, it follow that

0 0
x(T) = x(T; @) + J dcC, U (T —(s— r))a_lcba_a(T —(s— T))C(s — 1, DY(s) ds]
—h T
T (0
+ f [f (T —(s— r))a_lcba_a(T —(s— T))dTCT (s—1 T)] u(s)ds
0 L/-n

T T
+ fo (T—s)1d,, (T—5s) (-[0 a(0) doo(e)) ds,
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T[ (0 w1
x(T) =y + f U (T-(6-1)) @uu(T—(s—1)dCr(s—T, r)] u(s)ds
0 L/-n

+ fOT(T —5)* 1l (T —5s) (J(-)To(e) dm(@)) ds

=0.
Thus,

T
vy + fo y*H(T,s)u(s)ds = 0. (3.7)

It follows from (3.6) and (3.7) that y*y = 0. This is a contradiction to y # 0. Thus W
is nonsingular.

Next, we show that the sufficiency. Suppose that Wis positive definite, that is, it is
nonsingular and so its inverse is well-defined. Define the control function as

u(t) = H*(T,s )W [X1 —x(T, @)
0 0
_ f dcC, U (T-(G- r))a_lcpa_a (T-G-D)CGs-1 T)llJ(S)dS]
—h T
_ f (t—9)* 1P, o (t—s) frc(e)dw(e)ds], (3.8)
0 0

where the complete state y(0)and the vector x; € R™are choosenarbitrarily. Substituting u(t)in (3.3) and
using (3.4) we have

0 0
x(T) =x(T; @) + f dC, U (T —(s— ‘t))a_lcba_a (T —(s— T))C(S —1,DY(s) ds]
_hT 0 ' a—1
+ J(-] U_h(T —(-1) Puo(T—(5—1))dCr(s— T, T)]
x H*(T,s)W™! [xl —x(T, @)
0 0 i
— f dc, U (T —(s— ‘t))a d)a,a(T —(s— ‘t))C(s -1, T)llJ(S)dS]
—h T
- f (t—9)* 1P, o (t—s) JTG(G)dm(G)dS] ds
0 0
T T
+ L (T—=5)""1Dy o (T—5) (L o(8) dm(@)) ds,
0 0 w1
x(T) =x(T; @) + f ) dC, U (T —(s— ‘t)) d)(m(T —(s— ‘t))C(s —1,DY(s) ds]
T[ (0
+ f U h(T —(s— ‘t))a_lcba‘a(T - (s —1)dCr(s — T, T) X H'(T, s)W[x; — x(T, )
0 —
0 0
— f dc, U (T —(s— ‘t))a_ld)a,a(T —(s— ‘t))C(s — 1, TD)Y(s) ds]
—h T
- fT(T —5)* 1o (T —s) jto(G)dm(G)ds ] ds]
0 0

T T
T—s) b, (T - 0) dw(6) |ds,
+f0( )1, ( s)<joo<)m()>s
x(T)=x1.

This means that control u(t) transfer the initial state y(0) to the desired vector x; € R" at time T. Hence the
system (3.1) is relatively controllable.

For convenience, let us introduce the following constants
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my = tej||q>w(t =)’ m, =

@t — S|P ms = max{6l|lH* (T, )[12T2, 13,

|

0 0
dc, [f (T —(s— ‘r))a_lcba‘a(T —(s— T))C(S —1,DYP(s) ds]
—h T

teJ

my =4 X 6||H* (T, )IIIIlw~||? [IIX1II2 + llx(T, @)II?

I dc, UO(T — (5= 1) DT = (s = D)CE — T, DY(s) ds]
—h T

|

ms =4X6 [IIJ@II2 +lx(T, @)II* +

2a+1

me = 4 X 6|[H*(T, ) |I*|lw ~*||? (szzL +———mM, M) (1 +5GENzON + SGENv©N?)

2a+1

m;, =4x6 (szzL + mlMJM) 1+ 5EENzON? + SEENv®)I?)

N(T):f_idc

4. Nonlinear system
Consider the nonlinear fractional stochastic delay dynamical system with distributed delays in
control of the form

i fO(T —(s— r))ailtbuya(T Gl [CERAIO) ds]

0
cDx(t) = Ax(t) + Bx(t — h) + f d.C(t, Du(t + 1) + o(t, x(t), x(t — h))J + f(t,x(0),x(t—h)),t €]
=10, T] )
x(t) = o), x'(t) = @'(V), (4.1)
u®) =P(t), -h<t<O0

wherel < a<2,x € R", u € R™,Aand Baren X nmatrices, C(t,7)is ann X mmatrix, continuous in ¢t
for fixed tand is of bounded variation in ton [—h, 0] for each t € J. The integral term is in the Lebesgue
Stieltjes sense that is denoted by the symbol d, for function u : [—h,T] —» R™and t € J, we use the symbol
u, to denotes the function on [—h, 0) defined by u,(t) = u(t + t) for 7 € [—h, 0).The nonlinear function

f:] X R™ X R™ - R" is continuous.

Then the solution of the system (4.1)can be expressed in the following form
t 0
x(t) = x(t; @) + f (t—9)* 1D, (t—s) U d.C(t, Du(t+ r)] ds
0 ~h
t T
+ f (t—8)* 1P, (t—5) (J 0(8,x(8),x(6 — h)) du)(O)) ds
0 0
t
+ f (t— )1, o (t — )f(s, x(s), (x —h)) ds.
0

Using the well-known result of unsymmetric Fuubini theorem [19] and change of order of integration to the
last term, we have
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0 0
x(t) = x(t; @) + f dC, U (t —(s— r))a_lcba_a (t —(s— r))C(s -1, DP(s) ds]
—h T
t 0
+ f dc, [f (t —(s— r))a_ltba_a (t —(s— T))Ct(s -1, ‘[)] u(s)ds
0 ~h
+ ft(t _ S)a—lq)a'a (t—ys) (ftc(e,x(e),x(e —h)) dw(e)) ds
0 0

+ fot(t =)l (t—5) U_(;dTC(t, Du(t + r)] ds

t
+ f (t— )1 o (t — $)f(s, x(s), (x — h)) ds, (4.2)

0

where
_(C(s,T), s<t
s ={g™ 23

and dC7 denotes the integration of Lebesgue Stieltjes sense with respect to the variable 7 in the function
C(t, 7).

Define the control function

u(t) = H* (T, s)W-! [x1 —X(T, @)
_ f:} dc, Uf(T —5-1) P (T- - D) — 1, ‘t)llj(s)ds]
-| (= 9"yt~ ) [ECEORCE h))dw(e)ds]
- (= 9y, (£ — (s, (), — 1)) ds.

We assume the following hypotheses.
(H1) Let h > 0 be given. For functions u : [—h,T] — R™andt € J,we use thesymbol u,to
denote the function on [—h, 0], defined by u,(s) = u(t + s) fors € [—h,0).

(H2) C(t,t) isann X m dimensional matrix continuous in tfor fixed rand is of bounded
variation in ton [—h, 0] for each t € ] and continuous from left in 7 on the interval (—h, 0).

(H3) The functionsf, o, and gare continuous and satisfies the usual linear growth condition, that
is, there exists a constants L > 0,M > 0,

@ IfEzwI> < LA+ lzII? + [lv]*)

(i) lo @, z,v)II> < M(L + ||z + llv]l*)

forallt € Jandallx € R",u € R™.

Theorem 2: Suppose that the hypothesis (H1)-(H3) are satisfied then the nonlinear system (4.1) is
relatively controllable on J.Provided that the following holdd = max{my,, ms}, ¢ = max{mg, m;}.

Proof: Define the operator A: B — Bby A(z,v) = (x,u),with

T T
u(t) = H*(T,s)W! [x1 —x(T, @) — N(T) — f (T —5)* by o (T — S)J- (0, x(6),x(6 —h))dw(6)ds
0 0

T
- f (T — 5)* 1@, o (T — 9)f(s,x(s), x(s — h))ds,
0
and x(t) is defined in (4.2). Then, it is easy to establish the following estimates
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Ellu@®ll® = E‘ H*(T,s)W™! [X1 —x(T, @)

0 0
_ f dc, U (T—(s— r))a_lcba‘a(T - (-1D)CE—-1DY(s) ds]
—h T
T T
- f (T—9)" 1, (T - s)f c(8,x(8),x(0 — h))dw(e)ds]
0 0

2

1]

- fT(T —5)* "t o (T — s)f(s,x(s), x(s — h))ds
0

= 6|[H*(T, I Iw |7 [lelll2 + 1x(T, @)II?

2
+ fo dC, UO(T —(s— ‘r))a_lcba‘a(T —(s— T))C(s —1,DY(s) ds] ]
- T2a+l
+ (szzL +—3 mlMJM) 1+ 5EENzON + SGENv®?),
my Mg
< 4_1113 4'_"13’
< yr, [d+c]=mn.

2
Ellx(OI* < 6lIx(t; @)|I* + 6E

0 0
f dc, [ f (t= (s =) g (t— (s — 1))C(s — T, DY) ds]
—h T

2

t 0
+ 6E f [f (t — (S — T))“—l cpa.a(t - (S - r))dTCt(s - T, ‘[)] u(s)ds
0 —h

2

+ 6E Jt(t —5s)* 1ty (t—s) (fTG(G,X(G),X(G -h)) dw(@)) ds
0 0
2

’

+ 6E jt(t = )% 1D o (t— (s, x(s),x(s — h))ds
0

1
< 6 [Ix( @12 + T2 1" (T, O | (d+ O
4m3

2
+

0 0 w1
f dcC, U (t —(s— T)) Dy (t —(s— ‘r))C(s —1,DY(s) ds]
—h T

T2a+1
+ (szzL + TmlMUM) 1+ ENz®ON* + S;g}Env(t)nZ)],

msg
4
< 3 [d+c]=mn.

Therefore, E|lu(t)||> < ry,forallt € J, which gives E||x||?> < r,. Thus, we have proved
that, if B(") = {(z,v) € B:E||z||*> < r and E||v||> < r'},then A maps B(r') into itself.

<5 s
= 4 c 4,

Now let us take t;,t, € Jwith t; < t,, and for all (x,u) € B(r),we need to show
that A[B(r)] is equicontinuous for all > 0. To prove the result, compute
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Ellu(ty) — u(t)|I?

=E HH*(T, tW™! [X1 —x(T, )

_ fo dc, UO(T —(s— r))a_lcba‘a(T - (-D)CE—1DY(s) ds]
—h T

_ fT(T _ S)O‘_lq)a,a(T —5s) fTo'(e,X(e),X(e — h))dm(e)ds]
0 0

2

T
- f (T — )" 1 o (T — $)f(s,x(s), x(s — h))ds
0

—E

H*(T, tZ)W_l [Xl - X(T, (P)

_ fo dc, [fo(T —(s— r))a_lcba‘a(T - (-1D)CE—-1DYP(s) ds]
—h T

— IT(T —5)* 1, (T —5s) J-To(e,x(e),x(e — h))dm(e)dS]
0 0

2

T
- J (T — 8)* 1, o (T — $)f(s,x(s),x(s — h))ds|| ,
0

= 6|lH*(T, t,) — H* (T, t)|IP W ~H||? [lelll2 + 1x(T, 9)II?

+

|

mlMoM) (1 + 3GENzON* + JHENv©I), (4.3)

0 0
dcC, U (T —(s— ‘t))a_lfba_a(T —(s— r))C(s —1,DY(s) ds]
- . 2a+1
+ <T2m2L +—3

and

Ellx(t;) — x(t)II?
=E HX(tl ®)

0
+ f [f (tl —(s— t)) QDM(tl —(s— ‘r))C(s —1,DY(s) ds]
jtl U (tl (s— r))a 1q)ao((t1 (s— ‘r))d C,G—1 T)] u(s)ds

tl(tl —8)* 1, (ty — s)f o(8,x(8),x(6 — h))dw(6)ds

(t; — 8)* 1D, o (t; — 9)f(s, x(s), x(s — h))ds — x(t3, @)
0
0 0
_ j dc, U (t—(s— r))a_ldD(,_a (t; — (s —D)C(s — T, OY(s) ds]
ftz [f (tz —(s— ‘t)) Cbaa(tz —(s— ‘t))d C,s—T, T)] u(s)ds
0

tz(tz — )P, . (t; — S)J- o(6,x(8),x(6 — h))dw(6)ds
2

- j (ty — )7 D o (t; — S)f(s,x(s), x(s — h))ds
0
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<10 {”X(tﬂ @) — x(t2; @II?
0 0
fh dC, [f [(tl - (S - T))a_lq)a,a(tl - (S - T))

- (tz —(s— ‘t))a_lcbala(tz —(s— ‘t))]C(s — 1, DY(s) ds]

+ ‘

2

t2
+ (t; _tl)f IH(t2, )II*Ellu(s)|1*ds
t

51
+t, f IH(ty s) — Hty, $)IPEu()2ds
0

+(t—t) | [ty — )% 1D oty — 8)||LA + Ellz(s)II2 + Ellv(s)[])?ds

51

t1 2
+ tlf |t = )% Do (tg —5) = (t — )¥ 1D o (t; — 9)||"L(L + Ellz()|I? + Ellv(s)I)*ds
0
ty 2
+ (t — tl)f (t; — )2 V| (t; = ) 1D o (t; — 9)|| TMM(1 + Ellz(s)II? + E|lv(s)|)?ds
t
t1 9
+4 f |t =) Do (£ —5) = (t2 — )V 1D o (t; — 9)|| TMM(1 + Ellz(s)]|?
0

+ Ellv(s)ll)zds}. (4.4)
Moreover, for all (x,u) € B(r),

Ellu®II* < 6lIH*(T, )12 W2 Illxlll2 + [Ix(T, @)II?
|

T S
#, [ =970 [Blo(0)x(0)x60 ~ WP T =) 0T = s,
0 0

Thus the right sides of the Equations (4.3) and (4.4) are independent of (x,u) € B(r) and tend to zero as

t; = t,. Hence A[B(r)] is equicontinuous for all r > 0 and by the regularity assumptions on f and care
continuous, and hence it is completely continuous by the application of Arzela -Ascoli’s theorem. Since B(r")
is closed, bounded and convex,the Schauder fixed point theorem guarantees that A has a fixed point

(z,v) € B(r)suchthat A(z,v) = (z,v) = (x,u).Hence x(t) is the solution of the system (4.1), andit is
easy to verify that x(T) = x;. Further the control function u(t) € U, steers the system (4.1) from initial
complete state y(0) to x; on J. Hence the system (4.1) is relatively controllable on J.

0 0 et
+ ‘ J dc, U (T —(s— ‘t)) CDO(‘O((T —(s— T))C(S —1,DY(s) ds]
—h T

T
+T f (T = $) Do (T — 8)[[PE|(s, x(), xCx — )|
0

5.Example
Consider the nonlinear fractional stochastic delay dynamical system with distributed delays in control of the
form

0
cD%x(t) =Ax(t) + Bx(t—1) + f d.C(t,Du(t+1)+ a(t,x(t),x(t — 1)) + f(t,x(t),x(t — 1)), (5.1)
-1

where t € [0,1], @ = %,h =1,x(t) = (t),x (t) = ¢ (t) € R?,
0o 1 _ (0 0 _(efcost e'sint _
A (—1 0)' B= (1 O) ctn) = (—eT sint e’ cos t),a(t,x(t),x(t D)
_ ((th + Dx; (et 0 )
B 0 x,(t — Ve )
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10x, (t)

2 2 —
(O x(t = 1)) = 1+ xlg)(:_xi)(t 1)

1+ x5t —1)+x%(0)

The Mittag-Leffler matrix function of the systems is given by

© 2@+
/ 2—;51’;7] S oot

Sr(1+5@i+1) |

|
\"; [ 2(21+1)] &ries )

N -1y (T —(s— ‘[))3j - -1y (T —(s— T))%(2j+1)
(A(T ( D%) j=0 F[%(1+2')] = rf1+3@+1)]
s—1 ’
Z (-1 (T (s — T))2(21+1) © (—1) (T —(s— T))3j

I\JIDJ
N w

I[1+3G +1)] 2 ra+2)
and

1 c053 3(t)  sins(t)
(T-(s- T))ZE%% (A(T (s — ‘r)) : )

—sma(t) coss(t) /'
2

where cos3(t) and sins(t)are given by
2 2

cos3(t) = Z /(T _3(5 - 1))
2 : rlza+2))

S@j+1)-1

)

(-1 (T )
sms (t) = Z B E))]
Also,
0 1 3
H(T,s) = f (T—(s—1))%d33 (A(T —(s— ‘t))2> d.Ci(s —1,7),
-1 22
_ ( p(s) q(S))
—q(s) p(s)/
where

0
p(s) = f e’ [cosg(l —(s— T)) cos(s — 1) —sing(l —(s— T)) sin(s — ‘L')] dr,
-1 2 2
0
q(s) = f e’ [cos;(l —(s— r)) sin(s — 1) +sin§(1 —(s— 1')) cos(s — T)] dr.
-1 2 2
Thus, from simple matrix calculation we can obtain the controllability matrix

1
w(0,1) =J H(1,s)H*(1,s)ds,
0

1
- [ WO re@I( Dds

which is positive definite. Further it is easy to verity the hypothesis (H1) — (H3) hold, hence all the
assumptions in Theorem 2 are satisfied. Thus the fractional order system (5.1) is relatively controllable on
[0,1].
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ABSTRACT: In this paper, the concept of k - closed graphs on operation k is developed. Some characterizations
and properties related to k - closed graphs are analyzed.

Keywords:

2. Introduction

Levine [10] introduced the concept of semi-open sets in 1963. Following this notion, Arya and Nour [1] in
1990 introduced generalized semi closed sets. In 1979, Kasahara [8] developed the concept of «a-closed
graphs of a function with the help of certain operation of topology. Later in 1983, Jankovic [6] investigated
the functions with a-closed graphs. Jayashree and Sivakamasundari [7] defined the Operation approaches
on gs-open sets in topological spaces in 2018.

Following the work of Operation approaches on gs-open sets in topological spaces, k - closed graphs on
operation and its properties are studied in this article.

3. Preliminaries
Definition 3.1 [7]
Let (X,7) be a topological space. A mapping x : GSO(X,7) — P(X) from the family of generalized

semi open sets GSO(X,7) to the power set of X such that J C V* for every V € GSO(X,t) where V' *

denotes the value of /" under the operation .

Definition 3.2 [7]

A subset A of a space (X, t) will be called a k-open set of (X, 7) if for each x € A, there exists a gs-open set U
of x and U* c A.

kO (X, T)will denote the set of all k-open sets.

Definition 3.3 [7]

A x -operation K :GSO(X,7) = P(X)is called regular,operation given x € X and for each pair of

gs-open sets A and B of x, there exists a gs-open set Cof x such that 4 " B* = C¥.

Definition 3.4 [7]

A topological space (X,7) is called k- regular if for given x € X and each gs-open set U of x,, there exists a
gs-open set Vofxsuchthat V" c U .

Definition 3.5 [7]

Asubset A of atopological space (X,7)is called k- closed whenever X — A is x-open.

Definition 3.6 [7]

Let k be an operation on GSO(X,7). A point x e Xis said to be k-closurepointoftheset A if

U" N A+ ¢ for each gs-openset U of x. gs Cl,(A) = {x e XU " A+# ¢, Vgsopen set U of x}
Definition 3.7 [7]
Let k be an operation on GSO(X, 7). Then gs,CL(A) is defined as the intersection of all k-closed sets

containing A.
gs.Cl(A) =n{F <X/ A< Fand X\F € kO(X,1)}.
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Definition 3.8 [7]

An operation k on GSO(X,t) is said to be open,operation if for every gs-open set U of x € X, there exists a
K-open set V such thatx € Vand V c U*.

Definition 3.9 [ 4]

A subset A of a topological space (X, 7) is called locally closed if A = U N F where U is open and F is closed
in (X, 7).

Definition 3.10 [ 14]

A subset A of (X, 7) is called regular open if A = int(cl(4)).

Remark 3.11 [3]

A subset A of a space (X, 7) is called a Tj,- space if every gs-closed set in X is closed.

4. K - Closed Graphs

Definition 4.1

The Graph G(f) of a function f: X — Y is a k-closed if for each (x,y) € (X X Y) — G(f) there exist a open
set U and a gs-open set V containing x and y respectively such that (U X V) n G(f) = &.

Lemma 4.2

A function f: X - Y has a k-closed graph if and only if for each (x,y) € (X X Y) — G(f) there exist gs- open
sets U and V containing x and y respectively such that f(U) N V* = 2.

Proof

Let f: X — Y has a k-closed graph. Let (x,y) € (X XxY) — G(f)and an open set U and a gs-open set V are
containing x and y respectively. Suppose f(U)) N V* % &. Then there exists z € f(U) and z € V*. z € f(U)
implies there exist x € U such that z = f(x). Consider the order pair (x,z) € U X V¥. Since z = f(x),
(x,2) € G(f). Therefore we get (U X V*) N G(f) # @ which contradicts the definition of k-closed graph.
Retracing the steps we get the converse.

Definition 4.3

A subset A of X is k-compact if for every k-open cover C of A there exists a finite subfamily {U;, Us, ....., U, }
of Csuch that A € U}, U;*.

Remark 4.4

If k is the identity operation on 7, then k¥ compact set is compact.

Theorem 4.5

Let (X,7) and (Y, t) be two topological spaces. Let k¥ be a regular k-operation 7’ and let f: X - Y be a
function with a k-closed graph. If A is a compact subset of X, then f(A4) is a k-closed subset of Y.

Proof

Let A be a comact subset of X. Suppose f(4) is not k-closed in Y. Then there exists y € gscl, (f(A)) - f(4).
Thatis y € f(A). Implies y # f(x) for any x € A. Since f has a k-closed graph, By the above lemma we get
for each x € A, there exist an open set U, and a gs-open set V, containing x and y such that f(U,) N V,* = &.
Consider A={U,/x € A} which is a open cover of A. Since A is compact there is a finite subcollection
{Ux Uxyy oo, Uy} of A such that A € Ui, U,,. Consider the corresponding V,, i=1 to n in ¥
[Veys Veys e s Ve, 1. This is a collection of gs-open sets. Consider {V, “,V,.,",.....,V; “}. By regularity of k-
operation there exists a gs-open set V such that V* € V,,*nV, “n.....nV, *. We Know A< UU,,.
Therefore f(4) < f(UU,) < Uf(Uy). Take f(A)NV* < UfU, )NV S U U,)NVE) S UFU,)N
in" = ¢. Implies y & gscl,.(A). Which contradicts the definition of kx-closure. Therefore gscl, (f(A)) = f(4)
implies f(4) is k-closed.

Theorem 4.6

Let f:X — Y be a function with a x-closed graph. If B is a k-compact subset of Y. Then f~1(B) is a closed
subset of X.

Proof

The proof is similar to the proof of the Theorem 4.5.

Definition 4.7

A function f: X — Y is a locally k-closed if for open set U of x there is gs-open set V of x such that V € U
and f(V) is k-closed in Y.

Remark 4.8

If k is the identity operation on 7, where X is g-T;/, then locally k-closedness of a function coincides with
locally closedness.

Definition 4.9

A function f: X - Y is called k-closed mapping if f maps closed subsets of X onto k-closed subsets of Y.
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Definition 4.10
A function f: X — Y is called almost k-closed subsets of Y if f maps regular closed subsets of X onto k-
closed subsets of Y.
Remark 4.11
Every k-closed function is an almost k-closed function.
Proof
Let f be a k-closed function. To prove f is almost k-closed function, consider a regularly closed set U in X.
Since every regularly closed set is closed and since f is a k-closed function, f(U) is k-closed in (¥, ). Hence
f is an almost k-closed function.
Remark 4.12
It is obvious that the class of k-closed functions is contained in the class of almost k-closed functions.
Remark 4.13
Also, if the domain of an almost k-closed functions is regular, then the function is x-closed.
Lemma 4.14
If a function f: X — Y is locally k-closed and has closed point inverses, then f has an x-closed graph.
Proof
Consider graph g(f) = {(x, f(x))/ x € X}. Let (x,y) € X XY — G(f). Then (x,y) € G(f) implies y # f(x)
which shows x € f~1(y). Since f has closed point inverses, f ! of every singleton is closed. Implies f~!(y)
is closed in (X, 7). Since x & f~'(y) there exists an open set U conatining x suchthat U n f~1(y) = g x € U
and by the definition of locally k-closed function there exists a gs-open set I/ containing x and contained in
U such that f(V) is k-closed in Y. Since U N f~1(y) = dwe get V. N f~1(y) = Fimplies y & f(V) which is a
k-closed set. Then there exists a gs- open set W containing x such that W* n f(V) = &. Let V, be a gs-open
set containing x such that V; € V. Implies f(V,) N W* = Z. By lemma 2, we have f has a k-closed graph.
The following theorem is an immediate consequence of the above lemma and by the remark 4.13.
Theorem 4.15
If a function f: X — Y is almost k-closed with closed point inverses and its domain X is a regular space, then
f has a k-closed graph.
The following theorem is a proof that the converse of the Theorem 4.5 is true if X is locally compact and
regular.
Theorem 4.16
Let (X,7) and (Y, 0) be two topological spaces. Let k be a regular k-operation on ¢ and if f:X —->VYisa
function where X is locally compact and regular with Ty, space, then the following conditions are equivalent.
(a) f maps compact sets onto k-closed sets and has closed point inverses.
(b) f islocally k-closed and has closed point inverses.
() f has a k-closed graph.
Proof
(a) = (b)
Let U be an open set containing a point x in X. Since X is locally compact and regular, X has a compact basis
of each point and hence, there is a compact open set V of x such that V c U. Since every open set is gs-open,
V is gs-open. By (a) f maps the compact set V to a k-closed set. Therefore, f(V) is a k-closed and (b) is
verified.
(b) = (¢)
By Lemma 4.14, (b) implies (c).
(@) = (c)
If f has a k-closed graph, then Theorem 4.5 gives that f maps compact sets onto k-closed sets. Since
singleton is x-compact, Theorem 6 establishes that f has closed point inverses.
Remark 4.17
If k is the identity operation of ¢ then Theorem 4.16 becomes Theorem 3.11 of [2]
Lemma 4.18
If a function f: X — Y is almost k-closed and has 9 closed point inverses, then f has a k-closed graph.
Proof
Let (x,y) € (X XY) — G(f). Then x ¢ f~1(y) and since f~'(y) is 9 closed, there is a open set U of x such
that cl(U) n f~1(y) = &. Since cl(U) is regularly closed, the almost k-closedness of f implies that f(cl(U))
is k-closed in Y. Since y & f(cl(U)), there is a gs-open set V of Y such that f(cl(U)) NV* = g implies
f(U) nV* = #gBy Lemma 4.2 it follows that f has an k -closed graph.
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Remark 4.19
Since IY-closure and closure coincides for subsets of a regular space Theorem 4.15 follows from Lemma 4.18.
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ABSTRACT: In this article, a new open set which has places between a &-open set and open set called as an * -
open set is initiated and its basic properties are procured. Also the concepts of n * - cluster point, ) * -adherent
point and a n * -derived set are introduced and studied.
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1.Introduction

In 1937, Stone [8] introduced regular open sets and used it to define the semi-regularization of a
topological space. In 1968,Velicko [9] proposed §-open sets which are stronger than open sets and proved
that the collection of 8-open sets denoted by 15 formed a coarser topology on (X, 7).Levine [3] has brought
generalized closed sets in 1970. Dunham [2] has established a generalized closure using Levine’s
generalized closed sets. In 2016,Annalakshmi [7] has instituted regular*-open sets. In this article, a new
open set which has places between a 8-Open Set and open set called as a n * -open set is initiated and its
basic properties are procured. Also the concepts of 1 * - cluster point,  * -adherent point and a n * -derived
set are introduced and studied.

2.PRELIMINARIES

Throughout this paper, (Y,{) will always denote topological space on which no separation axioms are
assumed, unless explicitly stated. If A is a subset of the space (Y,{), CI(A) and Int(A) denote the closure and
interior of A respectively.
Definition 2a:

If A is a subset of a space (Y,{),

(i) The generalized closure of A [2] is defined as the intersection of all g-closed sets in X containing A and is
denoted by CI*(A).
(ii) The generalized interior of A [2] is defined as the union of all g-open sets in X contained in A and is
denoted by Int*(A).

Definition 2b:
A subset A of a topological space (Y,{) is said to be
(i) regular open[8] if A=Int(CI(A)).
(ii) regular star open(or r* -open)[7] if A=Int(CI*(A))
(iii) a-open [6] if A SInt(Cl(Int(A))).
(iv) semi-open [4] if A €Cl(Int(A)).
(v) pre-open [5] if A SInt(CI(A)).
(vi) semi-pre-open [1] if A €Cl(Int(CI(A))).
(vii) 6-open set [9] if it is the union of regular open sets.

The complements of the above mentioned sets are called regular closed,regular*- closed,a-closed,semi-
closed,pre-closed,semi-pre-closed,d-closed sets respectively.

The intersection of all regular closed (resp.regular*-closed, a-closed,semi-closed,pre-closed,semi-pre-
closed, §-closed) subsets of (Y,{) containing A is called the regular closure(resp.regular*-closure, -
closure,semi-closure,pre-closure,semi-pre-closure, §-closure) of A and are denoted by rCl(A)(resp.r*-
Cl(A), a-CI(A),sCl(A),pCl(A),spCl(A), CI(A)).

Definition 2c:
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A subset A of a topological space (Y,{) is said to be
(i) generalized closed [3]( briefly g-closed) if CI(A) €U whenever ACU and U is openin.
(ii) generalized open [3](briefly g-open) if X —A is g-closed in Y.

Definition 2d:

If A is a subset of a space (Y,{) ,
(i) The 6- interior of A is defined as the union of all §-open sets of Y contained in A. It is denoted by dint(A).
(ii) The &8-closure of A is defined as the intersection of all §-open sets of Y contained in A. It is denoted by
SCI(A).

3.1 * -Open sets

1 * -open Set-Definition 3a:
A subset D of a topological space (Y,{) is called n *-open set if it is a union of regular*-open sets (r*-open

sets).

We denote the set of all  * -open sets in (Y,{) by 1 * -OS(Y,{) or n * -0S(Y)

Example 3b:

Let Y={p,q,r}, {={9, Y, {p}.{q}.{p.q}}. Then r*-opensets ={¢, Y, {p}.{q}}, n *-0S(Y) ={¢, Y, {p}.{a}.{p.q}}-
Theorem 3c:

Every 8-open set is a7 * -open set but not conversely.

Proof

Let D be a 8-open set.Take x€D,then x€UB,,where B, is regular open.Since every regular open is regular*-
open by Theorem 3.12 of Annalakshmi [3].Then xeC,SUCy,where C, is regular*-open.Therefore D is 7 * -
open.Hence every 8-open isn * -open.

Counter Example 3d:

Let Y={p,q,r}, {={¢, Y,{p}}. Then the subset {p} is a n * -open set but it is not a §-open setin(Y,{).

Theorem 3e:

Every n * -open set is a open set but not conversely.

Proof

Let D be a n * -open set.Take x€D,then x€UB,where B, is r*-open.Since every regular*- open is open by
Theorem 3.15 of Annalakshmi [3].Then x€C,, where C, is open. Therefore D is open.Hence every 1 * -open is
open.

Counter Example 3f:

Let Y={p,q,r}, {={d, Y, {p,q}}. Then the subset {p,q} is a open set but it is not a n * -open setin (Y,{).
Theorem 3g:

Every r*-open set is an * -open set but not conversely.

Proof

Follows from 71 * -open set-Definition 3a.

Counter Example 3h:

Let Y={p,q,r}, { ={¢, Y, {p}.{q},{p.q}}- Then the subset {p,q} is a n * -open set but it is not a r*-open set in
(Y.9).

From the above theorems we get the following implication diagram

Semi-pre-open
Semi -open

Regular open——» &-open —» 1 #-0pen —» 0pen ___, 0O-Open
\ ¥ l B e

Regular®- open g-open  Pre-open

Theorem 3i:
(a) Inany topological space (Y,{),Y and ¢ are n * -open sets.
(b) Any arbitrary union of 7 * -open sets are 1 * -open sets.
(c) The finite intersection of n * -open sets are 1 * -open sets.

Result 3j:
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1 * -0S(Y) forms a topology which is finer than t and coarser than 7s,
1 * -Interior of a subset-Definition 3k:
A subset D of a topological space (Y,{) is called n * -Interior of D is the union of all 7 * -open sets of Y
contained in D.We denote the symbol by 1 * -Int(D).
Result 31:
)] n * -Int(D) is n * -open.
(ii) n *-Int(D) is the maximum 7 * -open set contained in D.
Theorem 3m:
Dis n * -open iff D =7 * -Int(D).
Proof
(=) Let D be a n * -open set.n * -Int(D) is the union of all 7 * -open sets of Y contained in D.That is 1 * -
Int(D) is the maximum 7 * -open set contained in D.Therefore n * -Int(D) = D.
(&) LetD =n *-Int(D).Since n * -Int(D) is the union of all  * -open sets of Y contained in D.Then itis 7 *
-open.

Properties 3n:

In any topological space (Y,{), if D and E are subsets of Y then we get the following :
n * -Int(¢) = ¢,

n *-Int(Y) =Y,

n * -Int(D) €D,

D CE = n *-Int(D) €S n * -Int(E),

Int(n * -Int(D)) < Int(D),

6Int(D) € n * -Int(D) € Int(D) €D,

N * -Int(DUE) =n * -Int(D) U n * -Int(E),

N * -Int(DNE) =n * -Int(D) N 1 * -Int(E).

@M a0 o

4.1 * -closed sets

1 * -closed set-Definition 4a:
The complement of a 7 *-open set is called a 7 *-closed set.We denote 7 *-closed sets in (Y,{) by 1 *-
CS(Y,{) or ¢ * -CS(Y).

Theorem 4b:

Every 7 *-closed set is closed but not conversely.

Proof

Let D be a 7 *closed set in (Y,{),then X—D is 7 *open.By Theorem 3e , X—D is open implies that D is

closed.Hence every n *-closed set s closed.

Counter Example 4c:

Let Y={p,q,r}, {={0, Y.{p}.{p.q}}- Then the subset {r} is closed but not 1 * -closed in (Y,{).

Theorem 4d:

Every 8-closed is 1 * -closed but not conversely.

Proof

Let D be a 8-closed set in (Y,{),then X—D is 8§-open.By Theorem 3¢, X—D is n *-open implies that D is 7 *-

closed.Hence every §-closed is 1 * -closed.

Counter Example 4e:

Let Y={p,q,r}, (={d, Y, {p}}. Then the subset {q,r} is a n * — -closed set but it is not a 8-closed set.

From the above theorems we get the following diagrammatic implications:

Semi -closed

d-closed __, n #-closed —w closed —» o-closed

}

Pre-closed

n * closure of a subset-Definition 4f:
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The intersection of all 7 *-closed sets of Y containing D is called as the 1 *-closure of D and denoted by n * -
C1(D).

Note 4g:

n * -Cl(D) is n * -closed.

1 * -adherent point-Definition 4h:

Let D Y. An element x€Y is called n * -adherent point of D if every n * -open set in Y containing x intersects
D.

1 * -cluster point-Definition 4i:
Let D be a subset of the topological space (Y,{).A point X€Y is called a n * -cluster point of D if for every 7 *
-open set V containing x intersects D in a point different from x.

1 *-Derived set-Definition 4;:
We denote the set of all  * -cluster points of D by 1 * -D(D).

Properties 4k:
In any topological space (Y,{),we get the following result hold:

n*-Cl(@)=0

nx-Cl()=Y

Dc n +-Cl(D)

Dc E=n *-Cl(D) < * -CI(E),if D and E are subsets of Y.

Dc CI(D) < n * -CI(D) < 8C1(D)

n*-Cl(D U E) =n*-Cl(D) Un * -CI(E),if D and E are subsets of Y,
n *-Cl(D N E) =n *-CI(D) N n = -CI(E),if D and E are subsets of Y,
Cl(D) < Cl(n * -CI(D)).

SR e a0 o

5.Conclusion
After studying n * -open sets and its properties,we have proposed to introduce ]- closed sets,] * - closed
sets and ] ** - closed sets in topological spaces.

A subset D of a topological space (Y,{) is said to be J-closed set if

Cl(D) M whenever DM, M is 5 * -openin (Y,{).

A subset D of a topological space (Y,{) is said to be ] * -closed set if

n * -Cl(D) €M whenever D C M, M is open in (Y,{).

A subset D of a topological space (Y,{) is said to be | ** -closed set if

n * -Cl(D) € M whenever D C M, M is  * -open in (Y,{).
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used them to obtain the characterization of N Vng1/2 space.
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1.Introduction:

The concept of fuzzy sets was introduced by Zadeh [10] in 1965. Using this fuzzy sets intuitionistic
fuzzy sets was introduced by Atanassov [1] in 1986. In 1970, the generalized closed sets was initiated the
studied by Levine [5]. Fuzzy topology was introduced by C.L.Chang [3] in 1967. The theory of vague sets was
first proposed and developed as an extension of fuzzy set theory by Gau and Buehrer [4]. Then,
Smarandache[9] introduces the neutrosophic elements T, I, F which represent the membership,
indeterminacy, and non-membership values respectively, where ]-0,1+[ is that the non-standard unit
interval in 1998. Shawkat Alkhazaleh[8] in 2015 introduced and constructed the concept of neutrosophic
vague set. With this neutrosophic vague set in 2017 Mary Margaret and Trinita Pricilla[6],[7] developed the
concept of neutrosophic vague topology and neutrosophic vague continuous and irresolute mapping. In
2000, M.Caldas[2] defined and studied weak and strong forms of irresolute maps in general topology.

In this paper we extend the same concept in neutrosophic vague topological spaces. We introduce
the concept of irresoluteness called neutrosophic vague generalized pre ap-irresolute maps and
neutrosophic vague generalized pre ap-closed maps and some of their basic properties.

2. Preliminaries
Definition 2.1:[8] A neutrosophic vague set 4, (NVS in short) on the universe of discourse X written as

Ay, = {<x;7ﬂwANV (x);IAANV (x);FANV (x)>;x S X}, whose truth membership, indeterminacy membership
and false membership functions is defined as:
t, ()=[r. )i, )=[r.r']£, (x)=[F,F"]

where,

1) T '=1-F"

2) F"=1-T and

3) O<T +1 +F <2".
Definition 2.2:[8] Let 4,, and B,, be two NVSs of the universe U . If Vu, €U, fANV (ui)S wa (ui);

jANV (ul.)Z [ABNV (ul.); I:ﬁANV (ui)Z I*:’BW (ui ), then the NVS A4,, is included by B,,, denoted by
Ay, < By, , where | <i<n.
Definition 2.3:[8] The complement of NVS A4, is denoted by Ay, and is defined by
T (W)=[t-r -1 ]i5 ()=[i-r1-1r} & ()=[1-F1-F]

Definition 2.4:[8] Let 4,, be NVS of the universe U where Vu, € U,fANV (x)= [1,1]; IAANV (x)= [0, 0];

ﬁ'AW (x) = [0, 0]. Then A, is called a unit NVS(1,,, in short), where 1 <i < n.
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Definition 2.5:[8] Let A,, be NVS of the universe U where Vu, € U,fAW (x)= [0, 0]; IAANV (x)= [1,1];
ﬁAW (x) = [1, 1]. Then A, is called a zero NVS(0,, in short), where 1 <i<n.
Definition 2.6:[8] The union of two NVSs 4,, and B, is NVS C,,,, written as C,,, = 4,,, U B,,,, whose

truth-membership, indeterminacy-membership and false-membership functions are related to those of 4,

and B, given by,

A

7., (x)=|max(r;, .75 Jmax(z; .75 )

NV N By,
7 _ . - - . + +
]CNV (X) o lmln(IANVX > [BNVX )’ l’nln(]/‘b\fl/X ? IBNVX )J
r _ . - - . + +
FCNV (X) - [mln(FAM{x ’ FBNVX l mln(FANVX ? FBNVX )J
Definition 2.7:[8] The intersection of two NVSs 4,,, and B,, isNVS C,,,, writtenas C,,, = 4,, "By, ,
whose truth-membership, indeterminacy-membership and false-membership functions are related to those

of Ay, and B,, given by,
7. (x)=|min(z, 7, )min(r; 75 |

Byy,
T _ - - + +
ICNV (X) o .In ax (]ANVX ? IBNV,C )max (IANVX ? ]BNVX )J
(v)= fmax(, .7y, bmax(e; )
Cyy X)= [max Ayy, >~ Byy, max Ayy, 2" By, I
Definition 2.8:[8] Let 4,, and B,, be two NVSs of the universe U. If Vu, eU,
fANV (u[)=f"BNV (ul.); IAANV (u[)=[ABNV (ul.); ﬁANV (ui):ﬁ‘Bw (ul. ), then the NVS 4,, and B,,, are called
equal, where 1 <7 <n.

=

Definition 2.9:[6] A neutrosophic vague topology (NVT in short) on X is a family = of neutrosophic
vague sets (NVSin short) in X satisfying the following axioms:
e Oyl er

e G,NG,ert forany G,G, T
e UG erV{G iellcr
In this case the pair (X, T) is called a neutrosophic vague topological space (NVTS in short) and any NVS in
T is known as a neutrosophic vague open set (NVOS in short) in X . The complement A° of NVOS in a
NVTS (X, T) is called neutrosophic vague closed set (NVCS in short) in X .
Definition 2.10:[6] A NVS 4 = {<x, [fA,iA,ﬁAD} in NVTS (X, 7) is said to be
i)  Neutrosophic Vague pre- closed set (NVPCS in short) if NVCI(NV int(A)) C A,
ii)  Neutrosophic Vague pre-open set (NVPOS in short) if 4 NVint(NVCZ(A)),
Definition 2.11:[6] Let 4be NVS of a NVTS (X, T). Then the neutrosophic vague pre interior of A4
(NI'p int(A) in short) and neutrosophic vague pre closure of 4 (NVpCl(A)in short) are defined by
« NIpint(4)=U{G/GisaNVPOS in X and G c 4},
e NVpcl(4)=n{K/KisaNVPCS in X and 4 K }.
Definition 2.12:[6] A NVS 4 of a NVTS (X, T)is said to be neutrosophic vague generalized closed set
(NVGCS in short) if NVC[(A)Q U whenever A — U and U isNVOSin X .
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Definition 2.13:[6] A NVS A4 is said to be neutrosophic vague generalized pre-closed set (NVGPCS in short)
in (X, Z') if NVpcl(A)g U whenever A — U and U is NVOSin X .

Definition 2.14:[6] A NVTS (X, Z') is said to be neutrosophic vague ngl/Z space (NVngl/2 in short) if
every NVGPCSin X isNVCSin X .

Definition 2.15:[7] A map f : (X, T)—) (Y, O') is said to be neutrosophic vague generalized pre-
continuous (NVGP continuous in short) mapping if fﬁl(A) is NVGPCS in (X, Z')for every NVCS A4 of(Y, G)

Definition 2.16:[7] A map f : (X, T) —> (Y, O') is said to be neutrosophic vague generalized pre irresolute
(NVGP irresolute in short) mapping if fﬁl(A) is NVGPCS in (X, T)for every NVGPCS 4 in (Y, G).

3. NVGP contra irresolute, NVGP ap-irresolute, NVGP ap-closed maps:

Definition 3.1: A mapping ¢: (U,T) — (V, G) is said to be NVGP irresolute if ¢~ (B) is NVGPOS in U for
every NVGPOS in V.

Definition 3.2: A mapping @: (U,T)—) (V, (7) is said to be NVGP contra irresolute if ¢~ (B) is NVGPCS in
U for every NVGPOS in V.

Definition 3.3: A mapping ¢ : (U,T)—) (V, G) is said to be neutrosophic vague generalized pre
approximately irresolute (NVGP ap-irresolute) if NVpcl (A) c¢’ (B) whenever B is a NVOS in V, 4 is
NVGPCSin Uand 4 c ¢'(B).

Definition 3.4: A mapping ¢ : (U,T)—) (V, G) is said to be neutrosophic vague generalized pre
approximately closed (NVGP ap-closed) if ¢(B) c Nip int(A), whenever A is a NVGPOS in V, B is NVCS in
Uand ¢(B) cA.

Theorem 3.5: NV irresolute mapping is NVGP ap-irresolute mapping.

Proof: Let ¢ be NV irresolute mapping and B is NVOS in V, 4 is NVGPCS in U such that 4 < ¢~ (B) By our

assumption ¢~ ( )15 NVOS in U. Then by the definition of NVGPCS we have NVpcl( ) " (B) Hence
¢ is NVGP ap-irresolute mapping.

Theorem 3.6: A mapping ¢ : (U,T) — (V, G) is:
i) NVGP ap-irresolute if ¢ ' (A)is NVOS in U for every NVOS A in V.,
ii)  NVGP ap-closed if ¢(B)is NVCSin V for every NVCS B in U.

i)  Let A be NVOSinV, ¢~'(4)is NVOSin U and Bbe NVGPCS in U such that B < ¢ (4). By the
definition of NVGPCS in U we have, NVpcl(B)g¢_l(A) whenever Bg¢_l(A) and
¢ (A)is NVOS in U. Thus ¢ is NVGP ap-irresolute.

ii) Let B be NVCSin X, @#(B)is NVCSin V and A be NVGPOS in V such that ¢(B)C A. By the

definition of NVGPOS in V we have, ¢(B) c NVpint(A) whenever ¢(B)g A and ¢(B)is
NVCS in V. Thus ¢ is NVGP ap-closed.

Theorem 3.7: Let ¢: (U,T) (V G) be a mapping from a NVTS (U ) into a NVTS (V U)

i) If NVOS and NVCS of (U )c01nc1de then ¢ is NVGP ap-irresolute if and only if ¢~ ( )1s NVOS
in U for every NVOS Bin V.
iii)  If NVOS and NVCS of (U )c01nc1de then ¢ is NVGP ap-closed if and only if ¢(B)is NVCS in V

for every NVCS B in U.
Proof:
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i) Assume the ¢ is NVGP ap-irresolute, then by the definition we have, NVpcl(A)g ¢_I(B),
whenever B isa NVOS in V, 4 is NVGPCS in Uand A C ¢ (B). Since 4 is NVGPCS in U, then by

the definition it follows that ¢~ (B)is NVOS in U.
The converse part follows from the theorem 3.6.
ii) It is similar to (i).
Corollary 3.8: Let @: (U, T) - (V, O') be a mapping from a NVTS (U, T) into a NVTS (V, O').
i) If NVOS and NVCS of (U, T) coincide, then ¢ is NVGP ap-irresolute if and only if ¢ is NV
irresolute mapping.
ii) If NVOS and NVCS of (Y, O') coincide, then ¢ is NVGP ap-closed if and only if ¢ is NV irresolute
mapping.
Proof: It is obvious.

Remark 3.9: NVGP contra irresoluteness and NVGP irresoluteness are independent of each other it is
shown from the following example.

Example 3.10: Let U = {a,b}, V= {x,y} and

a b
4= {”’ ([0.7,0.8];[0.1,0.4];[0.2,0.3])* ([0.6,0.9];[0.1,0.3]; 0. 1,0.4])}’

X
b= {v’ ([0.5,0.9];[0.6,0.8];[0.1,0.5]) " ([0.7,0.8]; [0.5?0.7];[0.2,0.3])} '
Then 7 = {ONV,A,INV} and 0 = {ONV,B,INV} are NVTs on U and V respectively. Define a mapping
¢:(U, T)—)(V,G)by ¢(a)=x and ¢(b)=y. Clearly @is NVGP contra irresolute mapping but not
NVGP irresolute mapping, since B is NVGPOS in V, but ¢_] (B) is not NVGPOS in U.
Example 3.11: Let U= {a,b}, V= {x,y} and
Ao {u a b }
([0.2,0.5];[0.4,0.8];[0.5,0.8]) " ([0.3,0.6];[0.5,0.9];[0.4,0.7])) |

X
b= {V’ ([0.1,0.3];[0.6,0.9];[0.7,0.9])" ([0.2,0.5]; [0.7/?0.9]; [o.s,o.s])} '
Then 7 = {ONV,A,INV} and 0 = {ONV,B,INV} are NVTs on U and V respectively. Define a mapping
¢Z(U, T)—)(V, 0) by ¢(a)=x and ¢(b)=y. Clearly @is NVGP irresolute mapping but not NVGP
contra irresolute mapping, since B is NVGPOS in V, but ¢_] (B) is not NVGPCS in U.

Theorem 3.12: Let ¢ (U, Z')—)(V, 0) be a mapping from NVTS (U,T) into a NVTS (V, O'). Then the
following conditions are equivalent:
i) ¢ is NVGP contra irresolute.

ii) The inverse image of each NVGPOS in V is NVGPCS in U.
Proof: It is obvious.

Definition 3.13: A mapping ¢ : (U, T) —> (V, (7) is said to be NVGP perfectly irresolute if the inverse image

of every NVGPOS in V is NVGP clopen in U.
Theorem 3.14: Every NVGP perfectly irresolute mapping is NVGP contra irresolute mapping.

Proof: Let ¢ is NVGP perfectly irresolute mapping and let B be NVGPOS in V. Then by our assumption

¢71 (B) is NVGP clopen in U. Thus ¢71 (B) is NVGPCS in U. Hence NVGP contra irresolute mapping.
The converse of the above theorem is not true in general as seen from the following example.
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Example 3.15: Let U= {a,b}, V= {x,y} and

a b
B {” ([0.4,0.5];[0.1,0.3];[0.5,0.6]) " ([0.3,0.6];[0.2,0.4]; [0.4,0.7]>}’

X y
B= .
{V’ ([0.6,0.9];[0.1,0.2];[0.1,0.4]) " ([0.7,0.8];[0.2,0.3]; [0.2,0.3])}
Then 7 = {ONV,A,INV} and o = {ONV,B,INV} are NVTs on U and V respectively. Define a mapping
¢:(U,T)—)(V, G)by ¢(a)=x and ¢(b)=y. Clearly ¢is NVGP contra irresolute mapping but not

NVGP perfectly irresolute mapping, since B is NVGPOS in V, but ¢71 (B) is NVGPCS and not NVGPOS in U.

Theorem 3.16: Every NVGP perfectly irresolute mapping is NVGP irresolute mapping.
Proof: It is obvious.
The converse of the above theorem is not true in general as seen from the following example.

Example 3.17: Let U = {a,b}, V= {x,y} and

a b
4= {” ([0.3,0.5];[0.6,0.8];[0.5,0.7])" ([0.2,0.6];[0.5,0.8]; [0.4,0.8]>}’

X
= {V’ ([0.2,0.3];[0.7,0.9];[0.7,0.8]) " ([0.1,0.4]; [0.6),}0.8]; [0.6,0.9])} '
Then 7 = {ONV,A,INV} and 0 = {ONV,B,INV} are NVTs on U and V respectively. Define a mapping
¢:(U,T)—)(V, G)by ¢(a)=x and ¢(b)=y. Clearly ¢is NVGP irresolute mapping but not NVGP
perfectly irresolute mapping, since B is NVGPOS in V, but ¢_1 (B) is NVGPOS and not NVGPCS in U.

Theorem 3.18: Let ¢:(U,T)—) (V, (7) be a mapping from NVTS (U,T) into a NVTS (V, U). Then the

following conditions are equivalent:
i) ¢ is NVGP perfectly irresolute.

if) ¢ is NVGP contra irresolute and NVGP irresolute.
Proof: (1) = (i1): Let ¢ be NVGP perfectly irresolute mapping. Let A be NVGPOS in V. By our assumption
¢~ (A4)is NVGP clopen in U. Thus @' (4) is both NVGPOS and NVGPCS in U. Hence ¢ is NVGP contra

irresolute and NVGP irresolute.
(11)= (i) :Let ¢ be both NVGP contra irresolute and NVGP irresolute and let A be NVGPOS in V. By our

assumption ¢71 (A) is both NVGPOS and NVGPCS in U that is ¢71 (A) is NVGP clopen in U. Hence ¢ is
NVGP perfectly irresolute.
Theorem 3.19: Let ¢ (U, T) - (V, O') and 77: (V, O') - (W,,u)be two mapping. Then,

i) 17 o @ is NVGP ap-irresolute, if ¢ is NVGP ap-irresolute and 7 is NV irresolute.

ii) 7170 ¢ is NVGP ap-closed, if ¢ is NV closed and 7 is NVGP ap-closed.
Proof: i) Assume that A is NVGPCSin U and B is NVOSin W for which 4 < (77 o ¢)_1 (B) Since 77 is NV
irresolute 77~ (B) is NVOS in V. Since ¢ is NVGP ap-irresolute NVpCl(A) co’ [7771 (B)]Z (77 ° ¢)_1 (B)
This proves that 77 o ¢ is NVGP ap-irresolute mapping.
ii) Assume that 4 is NVGPOS in W and B is NVCS in U for which (77 ° ¢)(B) C A.Then ¢(B)is NVCS in V, as
¢ is NV closed. Since 77 is NVGP ap-closed 77(¢(B)) = (77 ° ¢)(B) c NIp int(A). This implies that 770 @ is
NVGP ap-closed.
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Theorem 3.20: Let ¢: (U, 2’) - (V, 0) be a mapping from a NVTS (U, Z') into a NVTS (V, 0) and
n: (V, (7) — (W, ,u) be a mapping from a NVTS (V, (7) into a NVTS (W, ,u) respectively. Then,
i) 17 o ¢ is NVGP perfectly irresolute, if ¢ and 7 are NVGP perfectly irresolute.

ii) 1o¢ is NVGP contra irresolute, if ¢ is NVGP perfectly irresolute and 7 is NVGP contra
irresolute.
iii) 77 o¢ is NVGP irresolute, if ¢ is NVGP perfectly irresolute and 77 is NVGP contra irresolute.

iv) 170 @ is NVGP irresolute, if ¢ is NVGP perfectly irresolute and 7 is NVGP irresolute.

v) 71710 ¢ is NVGP contra irresolute, if ¢ is NVGP perfectly irresolute and 7 is NVGP irresolute.

vi) 170 ¢ is NVGP irresolute, if ¢ is NVGP contra irresolute and 7 is NVGP contra irresolute.

vii)  770¢ is NVGP contra irresolute, if ¢ is NVGP contra irresolute and 7 is NVGP irresolute.
Proof: It follows from the definition.
Theorem 3.21: If ¢: (U, T)—) (V, O')is NVGP contra irresolute from a NVTS (U,T) into a NVTS (V, O'),
then ¢ is NVGP contra continuous mapping.
Proof: Let A be NVOS in V. Since every NVOS is NVGPOS, A is NVGPOS in V. Since ¢ is NVGP contra
irresolute, then ¢_] (A)is NVGPCS in U. Hence ¢ is NVGP contra continuous mapping.

Example 3.22: Let U = {a,b}, V= {x,y} and

a b
4= {u ([0.6,0.9];[0.3,0.5];[0.1,0.4])* ([0.7,0.9];[0.4,0.7]; 0. 1,0.3])}’

B= {v al Y }
" ([0.8,0.9];[0.7,0.8];[0.1,0.2]) " ([0.4,0.8];[0.6,0.8];[0.2,0.6]) |

Then 7 = {ONV,A,lNV} and o = {ONV,B,INV} are NVTs on U and V respectively. Define a mapping
¢I(U,T)—>(v,0) by ¢(a)=x and ¢(b)=y. Clearly ¢is NVGP contra continuous mapping. But

= i Y is inVand ¢ is
C_{V’([0.3,0.8];[0.4,0.8];[0.2,0.7]}’([0.5,0.7];[0.6,0.8];[0.3,0.5]}} NVGPOS n Vand ¢7!(C)

not NVGPCS in U. Hence ¢ is not NVGP contra irresolute mapping.

4. Characterization of NVng1 ,, Space:

Theorem 4.1: Let (U ,T )be a NVTS. Then the following statements are equivalent.

i) (U, Z')is NV, T, space.

ii)  Forevery NVTS (V, U) and every mapping ¢ (U, T) - (V, 6) is NVGP ap-irresolute mapping.
Proof: (i) => (ii):Let Bbe NVGPCS in U and suppose that B < ¢~ (A) where A is NVOS in V. Since (U, Z’)
is NV, T}, space, then B is NVPCS in U, which implies NVpCl(B) = B. Therefore NVpcl(B)< ¢ (A).
Therefore ¢ is NVGP ap-irresolute mapping.

(11) = (1) :Let B be NVGPCS in U and NVOS in V, then by the definition of NVGP ap-irresolute we have
Bc ¢ (B), it follows that NVpCl(B) c¢’ (B) = B. Hence B is NVPCS in U. Therefore U is NV, T},

space.
Theorem 4.2: Let (V, o ) be a NVTS. Then the following statements are equivalent.

i) (V, G)is NV, T, space.
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ii)  Forevery NVTS (U, T)and every mapping @ : (U, Z') - (V, O') is NVGP ap-closed mapping.
Proof: The proof is similar to theorem 4.1.
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ABSTRACT: In this paper we analyze multiple server markovian queueing model with Balking and vacation, in
which the arrival are allowed to join the queue in a poisson distribution and the service takes place according to
an exponential distribution. There are finite numbers of ¢ servers with different service rates and each arriving
customer requires one server for its service. It is assumed that arriving customers balk with a fixed
probability and whenever the system is empty the server goes for the vacation and returns to the system at the
end of the vacation and starts providing service to the waiting customer. By using probability generating
function along with the Bessel properties the explicit time dependant probabilities of system size is also
obtained.

Keywords: Transient Analysis, Laplace transform, Vacation, Balking

Introduction:

A queueing model is constructed so that queue lengths and waiting time can be predicted. The first
paper on queuing theory was published in 1909 by A.K.Erlang. After him many authors have dealt with
queueing models having different arrival and service rates. Parthasarathy [6] solved a time-dependant for
the number in a single server queuing system with poission arrival and exponent service time. Krishna
kumar and Arivudainambi [4] discussed the asymptotic behavior of the probability of the server being idle
and obtained the steady state probabilities for the same. El-Shehawy S A and Ammar S I[2] in his paper
presents the analysis of M/M/c queue with balking and reneging. Kumar and Sharma [5] studied a single as
well as multi-server Markovian queuing systems with reneging, balking and retention of reneged
customers.Dharmaraja and Rakesh Kumar [1] studied the markovian queuing system with heterogeneous
servers and catastrophes, some special cases of the model are derived and the probability that the arriving
customer finds the system busy and average number of server busy in the steady state are obtained.

Shyam sundar [8] in his paper deals with the erlangian queuing system with time dependant
framework. Vijayashree and Janani [10]describes that server goes for vacation and return back to the
system after N or more customers are found in the system further an explicit expressions for the time
dependent system size probabilities using Laplace transform and generating function techniques are
obtained. Shanmugasundaram and Chitra [7] deals with time dependant solution of M/M/c feedback queue
under catastrophic effect. Jua-Chaun ke and Fu-Min Chan [3] deals with an M/M/c balking retrial queue with
vacation,both single and multiple vacation policies are analysed. Sherif I Ammar [9] derived an explicit
solution for M/M/1 queue where the server is allowed to take vacation whenever the system is empty for a
random period of time. Based on the above literature available , we obtain the transient solution of M/M/c
queueing model with vacation and balking.

Model description
Consider a multi server markovian queuing model in which customers are allowed to join the
system according to the poisson distribution with parameter Aand service follows an exponential
distribution with parameter f . The first four equations follows with the initial condition that the severs in
the system are in the vacation mode and the second set of equations follows with the condition that there
are in the busy state. The vacation parameter with the parameter @ and balking denoted by P the server
goes for a vacation if the system becomes empty and returns back if there are more than ¢ customers
waiting for service. The customers balk the system when there are c or more customers in the system.
By standard methods, the system of Kolmogorov differential difference equations governing the
process is given by
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Povo(t) :_ﬂ‘Poo(t) +1”Rl(t) n=0 (1)
R, (1) =—AR, (1) =R, (1) I<n<c @)
B, (1) =—APR,(t) + R, (1) n=c 3
B, (t) =—(AP+0)R, (1) + APR,, (1) n>c
@ P\(1) ==(A+ )P, (1) +2uP,(t) n=1
(5)
B (t) =—(A+nu)B, (1) +(n+DuP, (1) + AP, , 2<n<c
(6)
B (t) =—(A+ct)B, () + AP, (1) + ctB,, (1) n=c
(7)
B,(t) =—(A+cmR, (1) +APB, (1) +cuB,, (1) + R, (1) n>c
8
To solve the above set of differential difference equation, we define
P(z,t)=q.(1)+ Z R,..(Dz" and q.()=> B, ()
n=l1
From equations (5) (6) and (7) we get,
YB(t)= —APP(t)+cub, () - 4P, (1) 9
n=1

Now, multiplying equ.(8) by z" and summing over the corresponding limit values

d[ZPW(t)z
" =[~(AP+cu)+ Pz +E ZP]M(t)z + APzP, (1) - cmﬂw(t)wz P 1z (10)

Adding equs. (9) & (10) and using we get

0P(z,t)
ot
By solving partial differential equ .(11) and there by using integrating factor, yields,

P(z,f) = exp{{(ZP +ou)+ (zpz + —H } + j {zp(z P, (u)— |:(/1PZ + —j (AP + c,u)}qc(u)}
exp{Ksz + —j (AP +cu }(f u)} +0 j ZPOM (u)z"

o n=l1

exp{KﬂPz CZ j (AP + cu }(z‘—u)} yj P, (u)
exp{K/le CZ j

AP
cu
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By letting & = 24/ APcyt and S =
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And by applying modified Bessel function we get,

c ~ n
exp{(ﬂPz + —“)z}: > (B) 1, ()
Z n=—0
Comparing the coefficients of z» we getand ¥ = cu,

P,..(1) = expl=(AP+y ) }B" 1, (ct)

+ 2P{ B wexpl- (2P + el (- ) ~ I, (at-w)p I

- [ g expl-(2+ ) -w)}
*[Pp1, (et —u) = (AP+ )BT (et~ w) + 15" (et ~ )]
~ 1] By(w)expl-(A+ )t~} T (alt—u))du+ 6] 3B, ()"

m=1

exp{=(A+y)(t-w)) o) ™" I, (a(t —u))du (14)

Comparing the terms free from z on either side , we get

4.(1) = expl-(AP+ y )}y (a) + AP [ expl-(+7 Xt =B, ()| 'L (@t ~ 1) I (el —u))

+ [ expf= (A + 7 Xt —w)lg,. )]~ o (et —u)) + (AP + )], (et — u)) du

[SY

—uj exp{- (AP + )t - ) (et ))du+ O] 3By, w)2"

m

exp{— (AP+y)t—u))B) "L, (a(t —u))du (15)

As P(z,t) does not contain terms with negative power of z, replacing the right side of equ.13 by
-n, we get

expl- (AP +y Xt~} (at) " + AP expl= (AP +y)(t— )P, (u)

B (- 0)~ 1, (@t~ u) B Hu+ [expl- 2P+ p)(t - 0))g, ()
*[ AP (et =)+ AP+ ) (ot =) =, (alt-u)f Ju
j Py(w)expl=(AP+y)(t-u)}B"] (et - u))duwj 3 By ()"

0 m=1

exp{- (/1P+y)(t—u)}(ﬂz)" "1 (et —u))du (16)
On simplifying equ.(16) we get,
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B ()=’ eXp{—(ﬂPW)(t—u)’{M}Ec(u)
(-u)

+0]21%6+m<u>exp{—(ﬂP+y)(t—u)kﬂ)"*m[ln-m(aa—u))—Iw(a(r—u))]du (17

o m=1
Evaluation of Pon(t):

By taking Laplace transform of equations (1) (2) and (4) leads to

Bo(s)=——+ " Bi(s)

P (s)= (L)n P.(s) 1<n<c (19)

0n s+ 1) =

ﬂ,P n+l—c Z, c-1

P (s)=| ——— P, > 20

o) () me e @0
By equations (19) and (20) we get

_ lﬂ n—-1_-At
P (t)=———t"e"R(1) I<n<c (21
(n—=1)!

P (t) (ﬂ’]))n#—1 ‘ tn ¢ _—(AP+0) lﬁ -
(n—o)! (c=2)!

Sub n=1in equ(17)

e P (1) n>c (22)

0= Blex-(ip X2 (k6] 32 (18 expl-(2p i)

*[1, (e —u)) =1, (alt —u)) Jdy (23)

The corresponding transform is

P;;<s)=9( AP )[ A j( il m["‘“’z‘“zl%’;(w 24)
Y m=l

s+AP+0 s+A —“\s+AP+0 a

J

+
joc(s+/1)’+l(s+ﬂP)‘c s+ AP s+AP+6 a

m=1

PRSI T

Which on inversion gives
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© o (N _ 1)] 9r+_jtr+je—ite—iPt

R)o(t) = Z Z

=0 =0 r (r+ !

*J

% i AP "t O i, (o) o P
i\ B (m—1)! t

Discussion:

A multi server markovian queuing model with poisson arrival and exponential distribution is analyzed in
transient state. The server goes to vacation whenever there is no customer and resumes to service when
there are more than c customers and the customer balk the server when there are c or more than c servers.
Analytical expression for the state probabilities are obtained by modified Bessel function , the time
dependant system size probabilities is found using Laplace transform and the server behavior from time to

*
time is calculated. Based on B},(s) and Pot) () various performance measures can be analyzed in future.

REFERENCE

1) Dharmaraja S and Rakesh Kumar,Transient analysis of markovian queuing model with heterogeneous servers
and catastrophes,opsearch,2015;52(4):810-826.

2) El-Shehawy S A and Ammar S I, Transient solution of the M/M/c queue with balking and reneging Computers
and Mathematics with application,2009;57(8):1280-1285.

3) Jua-Chaun ke and Fu-Min Chan, Quality Technology and Quantative Management,M/M/c balking retrial queue
with vacation,2017;16:54-66.

4) Krishna kumar B and Arivudainambi D, Transient solution of an M/M/1 queue with catastrophes, Computers
and Mathematics with application, 2000; 40(11):1233-1240.

5) Kumar R and Sharma S K, Queuing with Reneging, Balking and Retention of Reneged Customers, International
journal of Mathematical Models and methods in Applied sciences,2012,Issue 7, Volume 6:819-828.

6) Parthasarathy P R, A Transient solution of an M/M/1 queue : A simple approach, Advanced Applied
Probability,1987;19:997-998.

7) Shanmugasundaram S and Chitra S,Time Dependent Solution of M/M/C Feedback Queue, International journal
of mathematics and its applications,2016;vol4(3A):63-72.

8) Shyam Sundar Sah and Ram Prasad Ghimire, Transient Analysis of queuing model, Journal of the Institute of
Engineering, 2015; 11(1):165-171.

9) Sherif I Ammar ,Transient solution of an M/M/1 vacation queue with a waiting server and impatient
customers, Journal of Egyptian Mathematical Society, 2017;25(3):337-342.

10) Vijayashree K V and Janani B, Transient Analysis of an M/M/1 queue with Multiple Exponential Vacation and

N-Policy, Pakistan Journal of Statistics and Operation Research,2015;11(4):587-600.

Special Issue [JRAR- International Journal of Research and Analytical Reviews 35




UGC Approved: 43602 e ISSN 2348 -1269, Print ISSN 2349-5138
http://ijrar.com/
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HETEROGENOUS SERVER WITH CATASTROPHES AND BALKING.
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ABSTRACT: In this paper we analyze M/M/C Queueing model of heterogenous service rate with catastrophes
and balking. For this model we consider the arrival follows poisson and the service time follows an exponential
distribution. Further the finite C servers may breakdown at any time and the arriving customers may balk with
fixed probability. Based on the above considerations, by using probability generating function along with the
Bessel properties transient solution of the model is found in a direct way. Moreover, the explicit time dependent
probabilities of system wise is also obtained.

Keywords: Heterogeneous, Probability generating function, balking, catastrophes, Bessel function.

INTRODUCTION:

Queueing theory was developed to build models which in turn predicts behavior of systems.
Generally, a queueing system can be classified as customer arriving for service, waiting for service and
leaving the system after being served. More contributions have been developed in different directions of
queueing theory. Parthasarathy [3] explained about the procedure for solving the differential difference
equation of a queueing model. Most of the M/M/C queueing models explained in the literature review was
assuming that the servers are identical in their service rate. It is also a true in many real-life situations.

Haight [2] introduced the balking concept in M/M/1 queue. On the other hand, Varshney et al [5]
discussed about multiserver queueing model with balking and reneging by using of diffusion
approximation method. Wang and Chang [6] analyzed the study of M/M/C/N queue with balking, reneging
and server breakdown. Indeed, there are several papers dealt with the two phenomena catastrophes and
balking with homogenous service rate. Dharmaraja[1] found that the transient solution for markovian
queueing model with heterogeneous server and catastrophes. Based on the above literature we have
analyzed the transient solution of the multiserver queueing model with heterogenous server of catastrophes
and balking effect. By defining the suitable probability generating function we obtain the transient solution
of the model.

MODEL DESCRIPTION:

Here we consider a M/M/C queueing model for heterogenous server with the arrival rate which
follows a poisson distribution and service rate is p with exponential distribution. The system may suffer
from catastrophes at the rate . Whenever a catastrophe occurs in the system, where the C servers become
inactivated momentarily and the server become ready for service quickly after the catastrophe. Suppose the
customer decides not to join the waiting line is called balking. Here the customer balk with the probability 1-
B and join the line of probability 3. The system follows a first come first serve {FCFS]. Based on the above
criteria, are constructed the following equations of the difference differential equations of our model,

S0 = —(A+ &Py () + mPi(E) + & (1)
dP (t) n+1
dt <A+£+Zﬂz>P(t)+/1Pn 1(t)+ZML n+1(t) n—12 -1 (2)
LB = — B + &+ By mIP(D) + AP,y () + zl L HiPeir (£) (3)
B0 - (Aﬁ +e+ X5 1P () + ABP_1(8) + X uiPryr (), n=c+ 1. 4)
Define P(z,t) = q.(t) + ¥y Pye () 2" (5)
P(z,0) =1 and q.(t) = Xy P, (£) (6)

Adding eqn (1) - (3) we get
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d‘h‘(t)

O = 2 BRAE) + By Pt (1) — 0. (D) + & %
Now multiplying the equation by z" summmg over the correspondmg limit values, we get,

d Pn+c t
AT Z k) + (2 Br+ Z o) Z Puic(©)2" + A B2B(6) - Z e Pea(©)
(8)
Adding eqn (7) & (8) using (5) we get
dP(z,t) B
dt _C c (4 c
[(ABz+ ) E) = (B +e+ ) w)lPG,6) +2 B~ DR [(ABHZ%)— QB+ mlac©+e
i=1 i=1 i=1 i=1
©)

By Solving the above first order differential equation we get,
o~ l0Bz 42 EH-(p +e 45y )l
P(z,t) =

c Hi

el(Bz +Xi—17 )-8 +etZiog uplt |

_ _ C Hi) _ C _ (B2 +Ef 1D~ +e+TE; n)](E—u)
fo[ua(z DE.@W [</182+;Z> (w+2u1)]qc<u>]e ' bt

rse o T DB +eAE 101w gy (10)
By considering, ¥y = Y51 4;, a = 2,/ ABy& b =\/% then we obtain

(D) = 32 (b2)" I, (at) (1)
By Applying eqn (11) in eqn (10) we get
P(z,t) = e ety (bz)"I,(at) + AB [y e W e [ge (bz)* [b~ ], _ya(t —u) — L,a(t —
uPcudu+0te-Af+s+yt-un=-00 (bz)nf- (AfH-1/n-1at-u+
(A+y)/inat-u-yb/n+1at-ujgcudu+ EOte-Af+&+yt-un=-c0c0 (bz)nlnat-udu
(12)

Comparing the coefficient of z" on both the side of eqn (12) we obtain for n=1,2... by using eqn (5)
t
Py io(t) = e~ @B+eipny (qt) + /1,8] e~ +e+)—w) [pn=1p  q(t —u) — b™I,a(t — w)]P.(w)du
0

t
- j e~ +et =W A1 _a(t —u) — (A + y)b"La(t — w)
0

t
+ }/bn+11n+1a(t —w)]q. Wdu + SJ e~ (8 +s+y)(t—u)bn1na(t —w)du
0

(13)
Comparing the constant terms in eqn (12) and substituting n=0 we get
t
q.(t) = e~ +erntL (at) + /1,8] e~ +e+) W) [h=1 q(t — u) — Iya(t — w)]P.(w)du
0
t
+ j e~ WB+etnN =W [—qf a(t —u) + (A + y)ha(t — w)lq. (W) du
0
t
+ SJ e~ WB+e+)E—W g (t —u)du
0
(14)

Eqn (13) implies that
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t
f e~ W+t (AR a(t —w)b" T + (A +y)b ,a(t —u) —yb" I, _a(t —u)]q.(w)du
0
= e B +£+y)tbn1n (at)

t
+ /I,BJ- e~ WB+etn(E—w [pn=1p - a(t —u) — b",a(t — u)]P.(w)du
0

t
+ sf e~ WB+et)E—Wpny q(t —u)du
0

(15)
Using (15) in eqn (13) we get B, (t) implies that
¢t —(AB +e+y)(t—u) I, a(t _ U.)
B,..(t) = nb"f e ]P( Ydu
0
(16)
The remaining probabilities P, (t) n = 0,1,2 ... ¢ can be found by solving the system of equations
(D& (2).
The matrix form of eqn (1) & (2) is dp(t) = BP(t) + yP.(t)e; + ce, a7
Where the matrix B = (b;;) xc) Is given as
[—(AB + ¢) Uy 0
B —(AB + e+ ) 0
0 0 Z n
0 0 —(Ap + e+ Z W)
P() = (Py(£), Py(t) .. P4 (t))T e; = (0,0..1)7 and e, = (1,0 ... O)T are column vectors of

order C. P*(s) denote the laplace transforms of P(t).
By taking the laplace transforms of eqn (17) and solving of P*(s), we get

P'(s) = [yR(s)er + P(0) + e, | [SI — B] ™! (18)
Thus e"P*(s) + P.*(s) = q.*(s) (19)
Define f(s) = [(s + B +y + &) — /(s + AB +y + £)? — a?]

Taking laplace of eqn (14) and solving for q.*(s) we get,

s(s +8)q."(s) = (s + &) + sR™(s) % [f(s) —ab] (20)
Using eqn (20) in eqn (19) we get,

er N (se) 1-se[s1-B] 71 (P(0)+5e2)
F(s) = s (s+£+lﬁ)—%f(s)+yeT[SI—B]_lel(s+£) (21)

Raju and Bhat [4] gives the procedure for finding the elements of the matrix[S] — B]™!.
Let [SI - B]_l = (dij*(s))cxc
Here [SI — B]~is almost lower triangular matrix.

1 e j+1(S)u ()~ j41(Sucols)
. c,0(s) ,
dij (s) = Zk 1ﬂk uco(s ,Jj=01,..c—2 (22)
ui0(s) f—e—1
uc,0(s) J '
u; ; (s) are given as,
U j =1 i=01..c—1.
s+AB+ e+ Yi_q _
U1, = 1 i=01..c—2.
D=1 M '
(s+AB+ &+ Yio1 Mk L
Uit1,i—j = e ] ) j<ii=12..c—2.
D=1 M
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c—1
(s+Ap+e+ Z HidUe—1j — AUe_p) j=01..c—2.
Ue; = = c—1
l (s+Aﬁ+e+s+Aﬁ+e+Zuk), j=c—-1
k=1
(23)
Forotheri&ju;; =0
. . v N (s4€) (1—-(s+8) X2 big™ ()
Eqn (21) implies that A."(s) = <[(s+s+/1ﬁ)——f(s)+y(s+e)ZC e (s)])
(24)
Eqn (18) implies that
P’ (8) = (1+5) biog™(5) + Ybem ()R (5) (25)
Since e; = (0,0...1)7 and e, = (1,0 ...0)7
£
(1 +2E(s)
P'(s) = >
Lo [1 _ 2y(1=F*(s)) ]
2 2 2
s+AB+y+e)—J(s+AB+y+e)2—a
(26)
E(s) = i (27)
and F*(s) = Y25 S_isi (28)
Here E; = limy_, s — 5;[1 — %23 (s + )by, " (s) (29)
c—1
F, =lims —s; [Z(s + &by ()] (30)
R
1=
Eqn (26) implies that
=nm n+lop
B = Z Z (+1D—"— (zw) ()
n=0m=
[(s+AB+y+e&)—/(s+A8 +y+¢e)? —a?]*"
_ * * m
(1+2) E O E o) i DaH
(31)

Taking laplace inverse of eqn(3 1) we obtain

R = ZZ( = (mg) (k)

n=0m=
[f E(t—u)f Fc(m)(u—v)e_(lﬁﬂ/ﬂ)vwd dv ]
0

+e [fo Gt —w) [ FE™ (u—v)e~F +y+£)”@dudv] (32)

Here G(t) = fot E(u)du and F¢™jis m-fold convolution of F(t) with F¢©® = §(t) is a direct delta function.
Laplace inverse of eqn (25) implies that

Py(t) = byo(t) + & f, bro@@) du +v [ ey W P.(t —wdu, k=01..c—1 (33)

Thus eqn (16), (32) & (33) are the state probability values of our model. Hence the time-dependent values
are obtained.

CONCLUSION:

In this paper we have established the time dependent solution of the heterogenous M/M/C
queueing model with catastrophes and balking using probability generating function technique. In future,
with the aid of transient state probability, the various performance measures can be analyzed.
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ABSTRACT: In this paper, we obtain the b-chromatic number for the net graph N, Line graph of net graph

C(N) M(N) T(N)

,central graph of net graph , middle graph of net graph , total graph of net graph

Keywords: Line graph, Middle graph, Central graph, Total graph, Net graph, b-chromatic number.

1.INTRODUCTION
All graphs considered in this paper are nontrivial, simple and undirected. Let G be a graph with vertex set

V' and edge set E. A k-coloring of a graph G is a partition P = {V,V,,V,...,V, } of V' into independent

sets of G'. The minimum cardinality k for which G has a k-coloring is the chromatic number ¥(G) of G .
A b-coloring of a graph G is a proper coloring of the vertices of G such that there exists a vertex in each
color class joined to at least one vertex in each other color class. The b-chromatic number of a graph G,
denoted by @(G) is the maximal integer k such that G may have a b-coloring with k colors. The b-chromatic
number was introduced by Irving and Manlove [2] by considering proper colourings that are minimal with
respect to a partial order defined on the set of all partitions of /' (G). There has been an increasing interest
in the study of b-coloring since the publication of [2]. Irving and Manlove [2] have also proved the following
upper bound of @(G)
P(G)<AG)+1
Jakovac and Klavzar [2], proved that the b-chromatic number of cubic graphs is four with the exception of

Petersen graph, K ;, prism over K, and sporadic with 10 vertices.

3,37

2. PRELIMINARIES
Definition (1) The net graph or 3-sunlet graph is the graph on 6 vertices obtained by attaching 3 pendent

edges to a cycle graph C; and is denoted by N .

Definition (2) The line graph [16] of a graph G , denoted by L((G), is a graph whose vertices are the
edges of G, if u,v € E(G) then uv € E(L(G))if u andv share avertexin G .

Definition (3) A graph is said to be a central graph of G =(V,E) an operation is done on G _ by dividing
each edge of G once and joining all the non-adjacent vertices of G and is denoted by c(G)

Definition (4) Consider the vertex set /' (G)and the edge set £(G)in a graph G. The middle graph of
G, denoted by M (G) is defined in the following way. V(G)WU E(G) be the vertex set of M (G).
consider x, y be two vertices of M (G) are adjacent in M (G) in case one of the following conditions holds:
(i) x, yarein E(G)and x, y are adjacentin G .

(i) xisin V(G), yisin E(G),and x, y are incidentin G .
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Definition (5) Consider the vertex set V' (G)and the edge set £(G)inagraph G. The total graph of G,
denoted by 7' (G) is defined as follows. V' (G) U E(G) be the vertex set of M (G). Consider x, y be two
vertices of M (G) are adjacent in M (G) in case one of the following conditions holds:

(i) x, varein V(G)and x isadjacenttoyin G.

(ii) x, yarein £(G)and x, y are adjacentin G .

(iii) xisin V' (G), yisin E(G),and x, y are incidentin G .

Theorem 1. The b-chromatic number of net graph is @(N) = 3.

Proof.
Let N be the net graph on 6 vertices. Consider V' (S,)={v,,v,,....v, } U{u,,u,,...,u,} every vu, isa

pendant edge when V,'s are the vertices of cycles taken in cyclic order and u,'sare pendant vertices.
Consider the 3-coloring (c,,c,,c;)of §,,assign the color ¢, tov,, c;tov, ,c tov, if any, assign the
allowed colors, because deg(v,) = 3, which shows that the coloring is a b-coloring. Therefore, p(N)=3.

Theorem 2. The b-chromatic number of the line graph of net graph is @(L(N)) =4.
Proof.
Let N be the net graph on 6 vertices. Consider V(S,)={v,,v,,...,V, } U{u,,u,,.,u,} and

E(S)={e :1<i<niUfe :1<i<n-1}Uf{e,} where e, is the edge of vu,(1<i<n), e, isthe
edge Vv,v,,(I1<i<mn—l)and e, is the edge v, v,. By the line graph definition
VILIN)=E(S,)={u, :1<i<nyU{v, :1<i<n—1}U{V,} where v, represent the edge e, and
u; represent the edge e;. (1<i<n). Assume the following 4-coloring (c,,c,,c;,c,) of L(N),assign the
color ¢, to ui, C, tou'z, c, tou;, c to Vi,c2 to v'2 and ¢, tovv3 if any, assign the allowed colors, because
deg(v,) = 4, which shows that the coloring is a b-coloring. Therefore, P(L(N))=4.

Theorem 3. The b-chromatic number of the middle graph of net graphis @(M (N)) = 4.
Proof.
Let N be the net graph on 6 vertices. Consider V(S,)=1{v,,v,,...,V,} Uiy, ,u,,...,u, }and

E(S)={e :1<i<niuUfe :1<i<n-1}Uf{e,} where e, is the edge of vu,(1<i<n), e, isthe
edge vv, (1<i<n-1l)and e, is the edge Vv, v,. By the middle graph definition
VIM(N)=V(S)UE(S,)={v,:1<i<nUfu, :1<i<n} Uy, :1<i<n} U {u, :1<i<n} where
v; represent the edge e, and “, represent the edge e; (1<i<n). Assume the following 4-coloring
(¢,,¢,,C5,¢,) of L(N), assign the color ¢, toui, ToN lou'z, c, tou;, ¢ tOV{,C2 l‘Ov'2 and ¢, tov; if any,
assign the allowed colors, because deg(u;) =1,if any vertex vl'. then assign the allowed colors, because

deg(v,) = 6 which shows that the coloring is a b-coloring. Therefore, (M (N))=4.

Theorem 4. The b-chromatic number of the central graph of net graph is @(C(N)) = 3.

Proof.
Let N be the net graph on 6 vertices. By the central graph definition we have to consider

— ' '
V(S,) = W15 Vo V, } WAl Ut V'S a0A 1, be the vertices of the complete graph. The vertices

of the complete graph is in the cyclic order. In C(N) , consider the vertex on the edge joining Vi and Vit
i=123...n _1, the vertex on the edge joining Viand V» be Vin, the vertex on the edge

joining % and ¥i be %V for i=1273,..., n  Assume the following 3-coloring (¢;,¢,,¢;) of L(N), assign

be Viit for
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the color ¢, tou,, c;tou,, c,tou,, ¢, tov,,c,tov, and c,tov, if any, assign the allowed colors,
because deg(u;) = 1,if any vertex v, then assign the allowed colors, because deg(v,) =4 which shows

that the coloring is a b-coloring. Therefore, (C(N))=3.

Theorem 5. The b-chromatic number of the total graph of net graph is @(7(N)) = 4.
Proof.
Let N be the net graph on 6 vertices. Assume the following 4-coloring (c,,c,,c;,c,) of T(N), assign the

color ¢, tou,, c,tou,, c,tou,, c,tov,,c,tov, and c,tov;, c,tou,, c;tou,, c,tou,, ¢ tov,
¢, tov, and c, tov, if any, assign the allowed colors, because deg(v;)=6& deg(u,) =1,if any vertex v,

then assign the allowed colors, because deg(v,) =4 which shows that the coloring is a b-coloring.

Therefore, (T (N))=4.

In this research paper, we find out the b-chromatic number of line graph, middle graph and total graph of
net graph are equal to 4 and the b-chromatic number of central graph are equal to 3.
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ABSTRACT: In this paper we have made an attempt to define anti fuzzy meet semi L-Filter and anti fuzzy level meet
semi L- Filter. We have stated the properties of anti fuzzy meet semi L- Filter, anti fuzzy level meet semi L- Filter. We
introduce some theorems, propositions and Lemmas in these concepts and we have given proofs for the same.

Keywords: Meet semi lattices, anti fuzzy meet semi L- Filter, anti fuzzy level meet semi L-Filter.

Introduction: The concept of a fuzzy set was published in 1965 ,by Lotfi A. Zadeh[6]. Further more, the idea
of anti fuzzy subgroups was introduced by Biswas[3] which ultimately paved way to many researchers.In
this paper we define anti-fuzzy meet semi L-filter and anti-fuzzy level meet semi L-filter.The theorems and
lemmas under these concepts were discussed.

Definition 1: Let A be a meet semilattice. An Anti fuzzy meet subsemilattice 7, : A —[0,]] is called an anti
Fuzzy meet semi L-Filter of Aif Vx,y € 4, T,(x A y) 2 max{T, (x),T,(y)}

Example 1: Consider A={0abc}.Let T, : A—[0,1] an be a meet semilattice in A defined by
7,(0)=09,7T,(a)=0.7T,05)=0.5,T,(c)=0.3

b € d

Thus T, is an anti fuzzy meet semi L- filter.

Definition 2: Let 7, and 7, be any two anti meet semi L- Filter of a meet semi lattice A. Then 7, is said
to be contained in 7, if 7,,(x) <7, (x),Vx € 4 andis denotedby 7, = T,
Definition 3: Let Tul and Tﬂ2 be any two anti fuzzy meet semi L- Filter of a meet semi lattice A. If
T,(x)=T,(x),Vxe A,then T, and T, are said to be equal and it is writtenas 7, =7,

Definition 4: The complement of a anti fuzzy meet semi L- Filter T# of a meet semilattice A is symbolized
by ~T,(x)=1-T,(x),Vx e 4.

Properties: Let A be a meet semilattice and B be a meet subset of A. Define ¥, : A—[01] as

_J1 if xeB
Xp(x) = 0 if x¢B

Then the following properties hold:

1. x,and Y, denote constant functions from A to 0 and 1 respeactively.
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2. T, X=Xy
3. T,Vyx,=1,.
4 T, 0y, =T,
5. T, 92%,=Xa4

Definition 5: The intersection of two anti fuzzy meet semi L- Filter Tﬂ1 and TM2 of a meet semi lattice A is
definedas [7,, N7, |(x) =min{7,,(x),7,,(x)},Vx € 4
Definition 6: The union of two anti fuzzy meet semi L- Filter Tﬂ1 and T//2 of a meet semilattice A is defined

as[T, UT,,)(x) =max{T, (x),T,,(x)},Vxe 4

FUZZY LEVEL MEET SEMI L-FILTER
Definition 7:
Let T, be any anti fuzzy meet semi L- Filter of a meet semi lattice A and Let t € [0,1]. Then T, ={x € A/
T, (x) =t} is called anti fuzzy level meet semi L- Filter of T,
Definition 8:
Let T, be a anti fuzzy meet semi L- Filter of a meet semi lattice A. Then the fuzzy level meet semi L-
Filter are defined by
Te={xeA/T,(x) 2t}
Ts={xeA/T,(x) 25}
Clearly, T,« = T,s ,whenever t>s.
Lemma 1: Let TH be an anti fuzzy meet semil L- Filter of a meet semilattice A and let tse IrnTy .Then Tw =

T if t=s.

s
Proof:

If t=s ,then Tw = Tw .

Conversely,

Let T, =T,.

Since te Im7,,,3 xe Asuchthat 7, (x) =4,
=te T,

Hencet=7,(x) 25  ----oemees (1)

Similarly,
it can be proved that s > t----------- (2)
Then from (1) and (2), t=s.

Proposition 1: Let T# ,I_and T,be anti fuzzy meet semi L- Filter of a meet semilattice A.Then the
following are true.
)] Commutativity:
r,vr,=T1,9T,
I,nT,=T,NT,
(ii)  Associativity:
r,vulr,vT,=[T,vT, VT,
T, N[T,nT,]=[T,nT,]NT,
(iii) Idempotency:
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r,0T,=T,
T,NnT,=T,
(iv) Distributivity:
T, V[T, nT,]1=[T, VT, In[T,vT,]
T,n[T,vT,]=[T,NT,]U[T,NT,]
(v)  Identity:
T, ox,=T,and T, Ny, =2,
I, y,=xand T, Ny, =T,
(vi) Absorption:
r,vll,nT,]=T,
I,n[T,vT,]=T,
(vii) Demorgan’s Law:
W ~[7, "L ]=[~T,]V[~T,]
@ ~[T, VT, 1=[~T,1n[~T,]
(viii) Involution:

~(~T)=T,

Remark: Let C be any fuzzy subset of a meet semilattice A and T, be any anti fuzzy meet semi L- Filter of A.
The the following properties hold.

MCN(~C)=¢gand CU(~C)=4

@7, N~T,)# y4andT, U(~T,)# 7,
Theorem 1: Two anti fuzzy meet semi L- Filter 7), and7,, of a meet semilattice A such that the card Im T,
<0 and card ImT, <coare equal iff Im7, =Im T, and Fj, =Fjg,.
Proof: Let 7, and T, be two anti fuzzy meet semi L- Filter of a meet semilattice A such that the card Im T,
<ooand card Im 7T, < oo,

Assume that 1, and 7}, are equal

(ie) T, (x) = T, (x)

------------------------- (1)

=7T,(x)elmT,

= T,(x) eImT,

ButT,(x) € ImT7, Similarly,

=Im7, cIm7, ————————— (2) itcanbeproved that In7, c Im7 ------- 3)
(2)and 3)=ImT7, =Im7) ——————— (4)

LetT, € Fy,and,xeT,
=>T,(x)2t,telmT,
=T,(x)2t,t e ImT,,by(1)and(4).
=>xel,

=>T,cT,
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Similarly, it can be proved that 7, =7, p
Hence,T,, =T,

=1, €F,

But,T, € F,

>Fy,cFy ———————————— (5)
Similarly, Fy, € Fgy—————————~— (6)
&)= Fy =Fgy————————~ (7)

Equation (4) and (7) completes the proof.
Conversely, assume that Im T# =Im 7, and FS,u =F,

To prove: Tﬂ and T, are equal.
Suppose 7, (x) # T, (x)for xe A4
Then either Im7, # Im T, or Fy, # F,.

This is a contradiction

Hence T, (x) =T,(x),Vx € 4.

Therefore Tﬂand, T, are equal.

Theorem 2:

The intersection of two anti fuzzy meet semi L Filter Filter of a meet semilattice A is also an anti fuzzy meet
semi L ideal Filter of A.

Proof:

Let A be a meet semilattice.

Let 7, and T, be any two anti fuzzy meet semi L Filter of A.
T.P: T, N T,,is ananti fuzzy meet semi L Filter of A.
Letabe Ty1 M TH2

Thenabe Tﬂ1 andabe Tﬂz.
=anbeTl,and,anbeT,,

Hence anbeT, NT,,.

Therefore 7, MT,, is an anti fuzzy meet semi L Filter of A.

Proposition 2:
Let A be any meet semi lattice. Let I ={T, / T, is a anti fuzzy meet semi L- Filter of A}. Then for
any x € A, T,*(x) = sup {k /x € T,x;T,< I} is a anti fuzzy meet semi L- Filter.

Proof
Let T, =sup {k /x € Ty, T, €l } and let € > 0 be arbitrary.
Then T, - € <sup{k/x e T, Tye I} = ki (say)
=T, - € <ky, for some k such thatx € T
=T, - € <Ty(x), since T, (x) =2 ki,
= Ty2 T, (X)---mmmmmmmmmmmmmmee e (1) since € >
is arbitrary.
If Ty (x) = t, thenx e Ty¢,and also t = sup{k / xe T}
t-e <sup{k/xeTx}
Hence t < sup {k /xe T}, since € is arbitrary.
Therefore (1) and (2) = T, (x) =T,
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Hence T, *(x) = T, (x), for some T, € L.
Therefore T," (x Ay) 2 max {T, * (x), T, * (y)} forsome T, € L.
Theorem: 3

If T, and T, are any two anti fuzzy meet semi L- Filter of a meet semi lattice A, then [T, AT, ](xAy)2>
max { T, (x), Ta ()}
Proof:
LetTo =T, AT,
Ty (x Ay) = max {To (x), Ty (y)}

= max {[T, A To] (), [T, A To] (7))

=max{min{max{T,(a),T«(b)}},
x=aAnb
min{max{T,(c),T,(d)}}}
x=cAb

= max{{max {T, (a), Ta(b)}, {max {T, (c), To (d)}}

= max{ T, (x), T, (y)}, where x=anb,y = cAb
Therefore, [T, A To] (x Ay)2 max{T, (x), T, (v)}
Theorem: 4
The intersection of two anti fuzzy level meet semi L- Filter of a meet semi lattice A is also a anti fuzzy level
meet semi L- Filter of A.
Proof:
Let T, be a anti fuzzy meet semi L- Filter of a meet semilattice A.
Let T, and T,s be two anti fuzzy level meet semi L- Filter of a meet semilattice A.
Letx,y € Tyt Tys
Then x,y € Trand xe Tys
=>xXxAyeTy
Alsox Ay e Tys
=>xAyeTunTy
There T+ N T,sis a anti fuzzy level meet semi L- Filter of A.
Remark:

The intersection of any family of anti fuzzy level meet semi L- Filter of A is also a anti fuzzy level
meet semi L- Filter of A.
Theorem :5
The union of two anti fuzzy level meet semi L- Filter of A is also a anti fuzzy level meet semi L- Filter of A.
Proof:
Let T, be a anti fuzzy meet semi L- Filter of A.
Let T,+ and T,s be two anti fuzzy level meet semi L- Filter of A.
Letx,y € Tt U T,
Thenx,y € Ty or X,y € Tys
=>xAyeTpeu Ty
There T,: U T,sis a anti fuzzy level meet semi L- Filter of A.
Remark:

The union of any family of fuzzy level meet semi L- Filter of A is also a fuzzy level meet semi L- Filter of

A.
Theorem: 6

Let A be a meet semilattice. Two anti fuzzy level meet semi L- Filter T,s and T (with t <s) of a anti
fuzzy meet semi L- Filter T, of A are equal iff there if no xe A such that s <T, (x)<t.
Proof:

Let Tys and Ty be two fuzzy level meet Semi L- Filter of a meet semilattice A, where s<t.
Assume that T, and T are equal.
To prove : There is no xin A such thats < T, (x) < t.
On the contrary, assume that s < T, (x) < t.for somex € A
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=>Tu(x)2sand T, (x) <t

=>x € Tysand x¢ Ty

= THS # T|,Lt

This is a contradiction to the assumption.

Hence there is no x in A such thats < T, (x) <t.

Conversely, assume that there is no x in A such that s < Ty (X) <t .ocueuee (D)
Tus={xe€ A /T, (x) >s}and

Tu={xeA/Ty(x)>t}and t>s

Then Tyt © Tuseerec (2)

It is enough to show that T,s < Ty

Letxe Tys

Then Ty(x) > s

=T, (x)2tby (1)

= xe Ty

ST sC Tt vereereeeereereeeereerenreeeee s (3)

Therefore (2) and (3) imply Tys =T

Hence the two anti fuzzy level meet semi L- Filter are equal.

Conclution:
In this paper, we have defined anti fuzzy meet semi L-Filter, anti fuzzy level meet semi L-Filter and
some theorems,lemmas & propositions were discussed.
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ABSTRACT: The procedures for constructing single sampling plans by variables based on Inverse Gamma
distributions for known and unknown standard deviation for specified requirements to ensure protection to the
producer and consumer are proposed and discussed.

Keywords:

1.1 Single Sampling Plans by Variables Based on Inverse Gamma Distribution

The Pearson Type-V distribution is an Inverse Gamma Distribution and inverse Gamma distribution also
called Inverted Gamma distribution.

Let X be a random variable representing a specific quality characteristic of manufactured items and be
distributed according to a Inverse Gamma distribution with two parameters, namely, the shape parameter
A, and the scale parameter 0 , The probability density function of the Inverse Gaussian distribution is
given by

f(x,4,0)= ix%*1 exp(_—gj x>0 (4.1.1)
b b l—‘(ﬂ/) X ’ b
The distribution function of the Inverse Gamma distribution is then defined by
2f
X
Flx,1,0)=———==0| A,— 4.1.2
(0= = 02 o

Where the numerator is the upper incomplete gamma function and the denominator is the gamma function.
The basic properties of the Inverse Gamma distribution are defined in terms of the measures
such as the mean, variance and skewness etc.,

mean=—— for A>1
A-1

mode = ——

A+1

02
var iance = 5, for A>2
(A-1Y(1-2)
skewnwess= ﬂ for A>3
kurtosis=3+ M for A >4
(A-3)1-4)

When the industrial production process exhibits a non-normal pattern with the measurements of the
specific quality characteristic showing positively skewed and leptokurtic behavior, variables sampling plans
can be defined based on a Inverse Gamma distribution. In this section, single sampling plans by variables
based on the distribution are developed. A specific single sampling plan by variables can be defined under
the following conditions:
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(a) The quality characteristic, denoted by X, which is measurable on a continuous scale, is distributed
according to a Inverse Gamma distribution with the shape parameter A, and the scale parameter € with
the distribution function given by F’ (x, A, 9).

(b) Each individual unit in a submitted lot is classified as a conforming or nonconforming unit according as

X <Uor X >U, where Uis an upper specification limit. In the case of lower specification limit, L, an

individual unit is classified as nonconforming if X < L.

A known standard deviation variables sampling plan for protection against the upper specification limit,
according to Zimmer and Burr (1963), is operated using the procedure given below:

Step 1: Draw a random sample of 7 items from the population.

Step 2: Make measurements of the quality characteristic on these # itemsas Xx,, X,,..., X, and compute the

sample mean, X.

Step 3: If)? < K, then accept the lot; otherwise, reject the lot.
Thus, the sampling plan is designated by two parameters, namely, n, the sample size and K, the
acceptability constant, which depends on the specification limit, U, the prescribed risks and the standard

deviation, 0. The mathematical expressions for these parameters are derived based on the distribution
function of the Inverse Gamma distribution and the related properties.

Let F| (x,ﬂ,@) be the distribution function of X with mean, &, and variance, o’. Fora specified upper
limit, U, the proportion, p, of nonconforming items, and the acceptance probability, Pa (p), with reference

to F, (x, A, 49) are defined from (4.1.1) and (4.1.2) as

p=P(X>U/u,0)=1-F,(U,2,0) (4.13)
and Pa(p)ZP()?SKLu,O').
(4.1.4)

A procedure for designing a single sampling plan by variables is now developed for the requirement that the
corresponding operating characteristic curve should pass through two designated points namely,

(p1 , 1= 0[) and (pz, ﬂ) The qualify levels p, and p, are defined from (4.1.3) by

pi=1-F U, p,0)

(4.1.5)

and pzzl—FX(U,IUZ,O'),

(4.1.6)

where /I, and /I, are the means of the underlying distribution corresponding to p, and p,, respectively.

The probability, & , of rejecting the lot having quality level p, and the probability, 5, of accepting the lot
having quality level p, are defined from (4.1.4) as

a=1-F(K;p,0/n)=P(X > K|u= ) (4.1.7)
and 1—ﬁ=P()?>K|,u=,u2). (4.1.8)
When the desired measures of skewness and kurtosis are specified, the parameter & and ﬂ can be
YNF) 30466
determined from &, = ———— orfrom &, =3+ —~——
A3 (A-3)1-4)

Let M and S be the mean and standard deviation of the Inverse Gamma distribution. Therefore, from (4.1.5)
and (4.1.6), the quality levels p, and p, are defined as
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nai?
X 0
=1-Flx ,A,0 =— "/ A,— 41.9
P (x, . 2,0) O (4.19)
a?
X o
=1-Flx ,1.0)=——L22-0| 1,— 4.1.10
P, (x,.2.0) w9t (4.1.10)
Let us define the standardized variables K;l and K;z , corresponding to p,and p,,as
* xpl _M
” :T (4.1.11)
* xpz -M
and K, ZT. (4.1.12)

As the distribution of X is asymptotically normal, the probabilities @ and 1- f are defined as area under
normal curve with normal deviates K, and Klfﬂ, respectively. Accordingly, when the upper specification

limit, U, is specified, the expressions for n and K are, respectively, derived as

K,+K, ’ S[Ka+Kﬂ] ’

n, =|— —| = (4.1.13)
KP1 _sz XPI _sz
K x +K,x
and K=U-Z|Z¢n 700 gy,
S K,+K,
(4.1.14)

When the acceptance criterion is specified as X + ko < U, the expression for k, according to Zimmer and
Burr (1963), is given by

Kaxl’z + Kﬁxl’l M

k, = -—— . 4.1.15
Y| S(K,+K,) S (#1:15)

1.2 Determination of » and k of a Variables Sampling Plan
The parameters of a sampling plan by variables can be derived from a non-normal distribution when the

44 -2
third and fourth moment of the distribution of measurements are known or specified as a; = ﬁ
304 -66
and @, =3+—— 2
(A-3)1-4)

In order to determine the required sampling plan by variables, the following procedure is followed:

Step1: Specify the measure of skewness (& ) and kurtosis (0!4) of a Inverse Gamma distribution which has
the shape parameter A and scale parameter

Step 2: Specify the desired protection in terms of (p,, 1 —a&)and (p,, f).

Step 3: Determine the mean, M, and standard deviation, S, of the Inverse Gamma distribution as a function of
Aand @ from the specified value of & orc,.
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Step 4: Determine x » and X, from the cumulative distribution function of the Inverse Gamma distribution

with the known value of A and @, satisfying equations (4.1.9) and (4.1.10), corresponding to the specified

values of p, and p,.
Step 5: Obtain K;l and K;z from equations (4.1.11) and (4.1.12) using M and S.
Step 6: Compute the normal deviates K, and Kﬂ for the specified values of @ and £,

Step 7: Determine 1, and k;, using equation (4.1.13) and (4.1.15).

Based on the procedure described, the parameters, 7 and k _, of the known standard deviation single

sampling plans by variables are obtained for a wide range of values of p, and p, and tabulated in Tables

4.1.2 through 4.1.7 specifying the values of A as 7,12, 15, 20, 25 and 30 and ﬂ as fixed that is one. The

parameters provided in the tables yield the maximum producer’s risk of 5% and the maximum consumer’s
risk of 10%.

Example 1.1
It is required to determine a single sampling plan by variables in accordance with a desired discrimination
when the measurable quality characteristic is distributed according to a Inverse Gamma distribution having

the scale parameter A =12 and the shape parameter fixed at & =1 The desired discrimination is

specified to ensure protection to the producer and consumer in terms of quality levels p, = 0.0075 and

P, =0.015 associated with the producer’s risk, & =0.05 and the consumer’s risk, f =0.10. As
A =12 and @ =1 entering Table 4.1.2 with the specified quality levels, the parameters of the desired plan
canbe chosenas n_ =n, =23andk, =k, =3.1581.

Example 1.2

Suppose that a single sampling plan by variables is required to be instituted ensuring protection to the
producer and the consumer. Assume that the quality characteristic under study follows a Inverse Gamma
distribution which has the measure of skewness fixed at 1 and Measures of kurtosis fixed at 5. The desired
protection is specified based on the producer’s quality level fixed at 0.015 and the consumer’s quality level
fixed at 0.01, which are associated with 5% producer’s risk and 10% consumer’s risk. Entering Table 4.1.1
with the given measure of skewness and Kkurtosis , the value of A =20 and @ =1. Therefore, entering
Table 4.1.5, with the producer’s and consumer’s quality levels, one obtains the parameters of the required

planas n, =n, =96andk_, =k, =2.8635.
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ABSTRACT: A harmonious coloring is a proper vertex coloring in which each pair of colors appears on at most one
pair of adjacent vertices. In this paper harmonious coloring of some graphs are studied . Some structural properties
of them are discussed. Also, their harmonious chromatic number was obtained .

Keywords: belt graph, flower graph , middle graph, rose graph, harmonious coloring ,harmonious chromatic number.
Classification number: 05C15, 05C75

1. Introduction

Let G be a finite, undirected graph with no loops and multiple edges. The graph G has the vertex set V (G)
and the edge E (G).Graph coloring is coloring of G such that no two adjacent vertices share the same color.
A harmonious coloring [2, 3, 4, 6] is a proper vertex coloring in which every pair of colors appears on at
most one pair of adjacent vertices. The harmonious chromatic number is the minimum number of colors
needed for any harmonious coloring of G.

The middle graph of G denoted by M(G), is defined as follows :

The vertex set of M (G) is V(G) UE(G) in which two elements are adjacent in M(G) if the following
conditions hold.

(1) xy € E(G) and x, y are adjacent in G.(ii) x €V(G), y € E(G) and y is incident on x in G.

A belt graph is obtained from the helm graph by joining its outer vertices with 2n+1 vertices and 4n edges.

A flower graph is obtained from a cycle C by joining two consecutive vertices to a new vertices. It has 2n
vertices and 3n edges.

A rose graph is obtained from a wheel graph (n=4) by joining the two consecutive vertices to a new vertices.

2. Structural properties of middle graph of Belt, Flower and Rose graphs
e Number of vertices in M (B, ), p= 6n+1

Number of vertices in M[(F4)] ,p=5n

Number of vertices in M[R,)] ,p=6n+1

Maximum degree in M (B, ), A=2n+2

Maximum degree in M[ (F,)], A=2n-1

Maximum degree in M (R, ), A=2n

Minimum degree in M(B,), § =2

Minimum degree in M[ (F4)], 8 = 2

Minimum degree in M[R,], § = 2

3. Harmonious coloring of M (B,,) ,M [ (F.)] and M(Rx)

Theorem 3.1:

For the middle graph of M(B,), the harmonious chromatic number is 5n-1, n=3

(i.e) Xy [M(By)]=5n-1

Proof:

Let {V1,V2.ceseeeeViy, U, U2 e un w1 } be the vertices of the Belt graph B,

Let G =M(Bn) be the middle graph of belt graph.

Then by the definition of middle graph ,each edge is sub-divided by a new vertex.

The edges (u;,ui+1) and (un, u1 ) is obtained from the outer vertices of the helm graph are joined.
Assume that each edge (ujui:1) and (un, uq ) are sub-divided by the new vertex x; ,yi, zi,ejj ,i&=1 to n
respectively.

Now the coloring assignment are as follows
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The vertices {vi,Vz...co.... vn } are colored with the colors cj,cz......... cn and the vertices {uiuz......... U, } are
colored with the colors ¢y, Cn+1 , Cn+2,.ene C2n-1

The new vertex {X1,X2 ,......Xxn}are colored with the colors czn+1, C2n+2, ,.-. C3n and the vertex {y1,y2,......... Vn} are
colored with the colors czn-1, C2ny.... C3n-2

The vertices {z1,22,......... Zn} are colored with the colors czn-1, C2n,-... C3n-2

Atlast the vertex{ei1,€22......... enn Jare colored with the colors csn-1, Can.....Csn-2

The root vertex wi is colored with the color csn1
Clearly, the above said coloring is harmonious and is minimum.
Therefore, X, [M (T,)] =5n-1

Fig 1: Middle graph of Belt graph

L3 0/ X e u,

Fig 2: Middle graph of Belt graph B3

3

Xxu [M (T3)] =5n-1 =14

Theorem 3.2 :
For the middle graph of M(F,), the harmonious chromatic number is 5n-2, n=3

(i.e) Xy [M(Fy)]=5n-2

Proof:
Let F,, be the flower graph with 2n vertices and 3n edges.
Let {v,v2......... Vn, Ug,Uz.........Un, } be the vertices of the Flower graph F,

Then by the definition of middle graph, each edge is sub-divided by a new vertex.

Therefore, assume that each edge (v;,vi:1) and the line joining viand vi:1 to a new vertex ui ,i=1 to n are sub-
divided by the new vertices x;,y; ej;,i&j=1 to n respectively.

Now the coloring assignment are as follows

The vertices {vi,vz......... vn } are colored with the colors cj,ca......... cn and the vertices {uus......... u, } are
colored with the colors cp, Cn+1 , Cns2,.vee C2n-1
The sub-divided vertex{eii,ez......... enn Jare colored with the colors can-1, Can.....Csn2 and {y1,yz2,......... Vn} are

colored with the colors ¢3n-1, C3n,.... Can-2
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Atlast, the sub-divided vertex {x1,X2,......xn}are colored with the colors c2n.1, C2n, ,-... C2n+1 and
Clearly, the above said coloring is harmonious and is minimum.
Therefore, Xy [M (F,)] =5n-2
Fig 3: Middle graph of Flower graph
uy X3 Vi €11 L]

Theorem 3.2 :
For the middle graph of M(R,), the harmonious chromatic number is 4n+2, n=4
(i.e) xy [M(R,)]=4n+2

Proof:
Let Ry be the rose graph with 2n+1 vertices and 4n edges.
Let {V1,V2.ceeeeeVn, UL, U2eennene un w1} be the vertices of the Rose graph R,

The neighbours of v; and vi.1 are represented by yi,i=1 to n and are colored with the colors c2n+1, C2n+2, ,+.- C3n.
The outer edges are sub-divided by zi ,i=1 to n and are and are colored with the colors cn+1, Cn+2, ,.... C2n.
The edges {e11,€22.........enn Jare colored with the colors can+2, C3n+3.....Can+1
Atlast,the vertex wj is colored with the color can+2
Clearly, the above said coloring is harmonious and is minimum.
Therefore, X, [M (R,)] =4n+2
Fig 5: Middle graph of Rose graph
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Fig 6: Middle graph of Rose graph R4

Xu [M (Ry)] =4n+2=18
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ABSTRACT: A disease that is commonly misdiagnosis is breast cancer. Earlier diagnosis of breast cancer saves
enormous lives failing which lead to other may severe problems causing sudden fatal end. Breast cancer classification
can be done by using machine learning techniques. Machine Learning (ML) is a field that gives computer ability to
learn without explicitly programmed. Machine Learning (ML) techniques are being broadly used in the breast cancer
classification problem. They provide high classification accuracy and effective diagnostic capabilities. In this paper,
many different types of machine learning classification algorithms like Linear Regression, Decision Tree, Multi-Layer
Perceptron and K-Nearest Neighbor were implemented data classify Wisconsin Breast Cancer Data set that is
obtained from the UCI Machine, Learning Repository, an online open source repository This data set was collected
periodically over three years by Dr. William H. Walberg from the University of Wisconsin Hospitals and consists of 569
instances. Classification of the unseen data using different k for k-fold crosses validation and accuracy.

Keywords: Breast Cancer, Classification, Machine Learning, Linear Regression, Decision Tree, Multi-Layer Perceptron

and K-Nearest Neighbor.

I. Introduction

Breast cancer (BC) is one of the most common
cancers in females worldwide, representing the
majority of new cancer cases leading to related
death according to global statistics. The early
detection and diagnosis of breast cancer can
improve the prognosis and chances of survival
significantly as it can promote timely clinical
treatment to patients. Machine learning and
classification algorithms are an effective way to
classify data. In medical field these methods are
used in detect, diagnosis and analysis to make
decisions.

Mammography is important screening test for
breast cancer and it is an X-ray of the breast. It can
detect and diagnose breast cancer up to two years
before tumor can be felt by the patient or a doctor.
There are two kinds of mammography are used.
They are screen-film mammography (SFM) and
digital mammography (DM). SFM is utilized in
asymptomatic ladies breast i.e. problem free
breast where it receipts two sights of both breasts.
The time duration of screening mammograms
(conventional mammography) is around 20
minute. It cannot detect benign cancer properly.
Digital Mammography overcomes the problem of
screening mammograms. It is related with
computer system i.e. the data of digital
mammography are kept in a computer. In this, the
images are taken and image processing methods

are applied to improve the quality of the image.
DM performs better in case of misdiagnosed
cancer samples. Magnetic Reasoning Imaging
(MRI) is another most common technique for the
diagnosis of breast cancer [2]. Women age 40-45
or older who are at average risk of breast cancer
should have a mammogram once a yea, women at
high risk should have yearly mammogram along
with an MRI starting at age 30. The chance of
getting breast cancer increases as women become
older. Nearly 80% of breast cancer found in
women over the age of 50. Women who had breast
cancer in one breast at an increased risk of
developing cancer in her other breast also. A
woman has higher risk of breast cancer if her
mother, sister or daughter had breast cancer,
especially at young age. Women with certain
genetic mutations including changes to the BRCA1
and BRCA2 genes are at higher risk of developing
breast cancer during their lifetime.

However several techniques have been presented,
are able to provide an accurate and reliable
outcome. Those techniques can operate without
any medical equipment’s and medical staffs. We
introduce an innovative modality to classify the
input attributes according to the presence or
absence of benign or malignant types of breast
cancer [3].

In this paper, four machine learning techniques
are applied to a breast cancer data set. The data
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set is trained, tested and compared. The
techniques applied are Linear Regression (LR),
Decision Tree (DT), Multi-Layer Perceptron (MLP)
and K-Nearest Neighbor (KNN).

II. LITERATURE REVIEW

Variety of breast cancer screening modalities
including mammography, ultrasound, CT scan,
MRI, PET, radar-based microwave imaging, RF
sensors, biosensors, arrays, biopsy and biomarker
detection in DNA and genes are existing[4].
Different classification techniques were developed
for breast cancer diagnosis, the accuracy of many
of them was evaluated using the dataset taken
from Wisconsin breast cancer database[5 In
cancer classification, KNN can be used to measure
the performance of false positive rates [6]. The
Author Moh’dRasoul used DWT tool for image
filtering and BPNN for processing and achieved
93.7% accuracy [7]. The author Clemen Deng used
WHAVE algorithm with Wisconsin Breast Cancer
Database and achieved 99% accuracy [8]. The
author Ashwaq Qasem used marker Controller
Watershed algorithm and achieved 95% accuracy|
9] The author Alirezalsareh used signal to noise
ratio with SVM and achieved 98.80% accuracy
[10]. The author Junaid Ahmad used Adaptive
Resonance Theory with UCI database and got
84.21% accuracy [11]. By B.M. Gayathri work on
comparative study about Relevance vector
machine and achieved 97% accuracy [12].The
author Ms.H.R. Mhaske used KNN and SVN with
150 images database and achieved 80-90%
accuracy [13]. The author S. Aruna used Naive
Bayes and SVM with UCI database and achieved
68-79%  accuracy[14]. Yohannes Tsehay
developed a weakly supervised computer aided
detection system that was used in biopsy to learn
data[15].

III. METHODOLOGY
Machine learning
Machine Learning is a concept which allows the
machine to learn from examples and experience,
and that too without being explicitly programmed.
Types of Machine Learning [24].
Machine learning is sub-categorized to three types
e Supervised Learning
e Unsupervised Learning
e Reinforcement Learning
Supervised learning
Supervised Learning is the one, where you can
consider the learning is guided by a teacher. We
have a dataset which acts as a teacher and its role
is to train the model or the machine. Once the
model gets trained it can start making a prediction
or decision when new data is given to it.

Unsupervised learning
The model learns through observation and finds
structures in the data. Once the model is given a
dataset, it automatically finds patterns and
relationships in the dataset by creating clusters in
it. What it cannot do is add labels to the cluster;
like it cannot say this a group of apples or
mangoes, but it will separate all the apples from
mangoes.

Reinforcement learning

It is the ability of an agent to interact with the
environment and find out what is the best
outcome. It follows the concept of hit and trial
method. The agent is rewarded or penalized with
a point for a correct or a wrong answer, and on
the basis of the positive reward points gained the
model trains itself. And again once trained it gets
ready to predict the new data presented to it.

Classification

In machine learning and statistics, classification is
a supervised learning approach in which the
computer program learns from the data input
given to it and then uses this learning to classify
new observation. Here we have the types of
classification algorithms in Machine Learning[16].
Are described below Experiments have been done
in these classifiers with Wisconsin Breast Cancer
Database.

Linear Regression

Linear regression is used for finding linear
relationship between target and one or more
predictors. There are two types of linear
regression- Simple and Multiple. Here the output
label being classifications is benign or malignant
(B or M) like all other regression models, it is used
for relationship between independent and
dependent variables. The variable we are
predicting is called the criterion variable and is
referred to as Y. The variable on which predictions
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are made is called the predictor variable and is
referred to as X Linear regression. It consists of
finding the best-fitting straight line through the
points and the best-fitting line is called a
regression line.

Decision Tree

Decision Tree (DT) is a supervised Machine
Learning (ML) method used for classification and
regression analysis. Decision tree is based on the
divide and conquers methodology. It divides the
partition by Numerical partition method and
Nominal attributes methods. In  Numerical
partitions, partitions are formed on the basis of
discrete values with some conditions and in
Nominal partition, the partitions are formed on
the basis of nominal attributes. It leads splitting of
the tree depending on attributes values. In the
research carried out, C4.5 decision tree algorithm
is used for experimental analysis. This technique
generates a tree that can have categorical as well
as discrete attributes. Accuracy of each rule
generated is estimated to determine the order in
which attribute will be placed in the decision tree.
The most common approach is to minimize the
average error of every node

Multi-Layer Perceptron

Artificial neural networks are derived from
biological neural networks and are capable of
approximating any functions with any accuracy
that is desired. In addition, they are very robust
and adaptive against uncertainties. To make use of
these benefits, designers should adjust some
parameters such as the number of hidden layers
and the number of neurons in the hidden layer.
However, this method is a black-box approach,
which means we cannot perceive the internal
structure that leads to a good response. The
neural network consists of an input layer that
includes input features, weight matrixes (W1 and
W2) that make connections between the layers,
the hidden layer which includes activation
functions that are usually the sigmoid or logistic
function, and an output layer that can be a
nonlinear or linear function.[17] They need to
train favorable results since they are supervised
networks. Because this classifier learns to convert
input data into a favorable result, they are broadly
applied for pattern classification [18].Multilayer
Perceptions have been applied successfully to
solve some difficult and diverse problems by
training them in a supervised manner with a
highly popular algorithm known as the error back-
propagation algorithm [19].

K-Nearest Neighbor

K-Nearest Neighbor technique is a non-parametric
approach used for Regression and classification
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analysis. The input comprises of k, K is a number
of classes in dataset, and it is a small and positive
integer. Any input data is classified and
distinguished by the majority of its neighbors. So,
the input data is allotted to the class which is
higher in its K nearest neighbors. In this research
work the value of k = 2, then the input data will be
assigned to a class of two nearest neighbor, since
the dataset contain only two classes. The classes
are cancerous tumor and non-cancerous tumor.
Euclidean distance is used to measure the distance
between two data point [20]. Given N training
vector, suppose we have A and Z as training
vectors in this bidimensional features space, we
want to classify c which is feature vector [21].
Diagnosis of breast cancer is an arduous task. The
first step is the clinical examination to detect the
tumor in the breast by the General Surgeon or by
using imaging techniques such as Mammography.
This is followed by FNA on the lump detected. The
FNA procedure provides with attributes such as
tumor size, radius, area etc. These can be used as
features for modelling the data into a classifier.
Finally, models such as linear regression, k-
nearest neighbor, decision tree and multi-layer
Perceptron are trained using the obtained data to
make predictions.

IV. EXPERIMENTAL RESULTS

Our investigation is based on the Original
Wisconsin Breast Cancer Data set that is obtained
from the UCI Machine, Learning Repository, an
online open source repository [16]. This data set
was collected periodically over three years by Dr.
William H. Wolberg from the University of
Wisconsin Hospitals and consists of 569 instances.
Classification of the unseen data using different k
for k-fold crosses validation. For this purpose
30%, 40%, 50% of data is considered as unseen
data and they are tested based on the model file
related to train set. In this study, 10-fold, 5-fold
and 3-fold cross validation are used to separate
the datasets into two categories training and
testing. The benefit of using k-fold cross validation
is to test the entire dataset [22]. K-Fold cross
validation improves upon the validation set
approach by dividing the n observations in to k
mutually exclusive , and approximately equally
sized subsets known as “folds” the first folds
becomes a validation set while the remaining k-1
fold become the training set . The model is fit on
training set and its test error is estimated on the
validation set [23]. The implementation done by
using python (3.7) -IDE called spyder. The
attributes used for classification is as tabulated as
follows.
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TABLE I. WISCONSIN DIAGNOSIC BREAST
CANCER DATASETDESCRIPTION

S Attribute/Feature Range

no.

1 ID Number | number  for
Identification patients

2 Diagnosis 2: Benign

4:Malignant

3 Radius 11-27

4 Area 360-2300

5 Perimeter 71-82

6 Texture 11-40

7 Smoothness 0.05-0.2

8 Compactness 0.04-0.45

9 Concavity 0.02-0.5

10 | Concave Points 0.02-

11 | Symmetry 0.1-0.3

12 | Fractal Dimension 0.05-0.1

The dataset contain 569 rows and 32 columns.
Diagnosis is a column in which we are going to
classification when cancer is (M) this mean is
malignant or(B) is benign the training and testing
split for modeling of data is performed by save
70% for training and 30% for testing.
This section presents the performance of the
classifiers on the Original Wisconsin Breast
Cancer Data set that is obtained from the UCI
Machine, Learning Repository, an online open
source repository the dataset obtained from
human patients. All algorithms were implemented
in spyder (python). We applied the cross-
validation method with leave-one-out technique
to estimate the sensitivity and specificity. Table 2
shows the sensitivity and specificity results for the
classification of tumors for the pilot dataset of 569
patients.
Table 2 shows that for dataset, the most accurate
result for linear regression, Decision Tree, Multi-
Layer Perceptron and K-Nearest Neighbor

Classifiers | Average Average Average
accuracy accuracy accuracy
with with with

10-fold 5- fold | 3-fold
cross Ccross Ccross
validation | validation | validation

LR 98.2% 98.5% 98.8%

DT 94.5% 98.7% 95.8%

MLP 98.7% 92.3% 92.6%

KNN 97.6% 98.6% 96.08

Shown in table 1 for WBC dataset, the most
accurate result for LR belongs to k=3. Likewise,
the more accurate result for DT and KNN belongs

to k= 5. Also, for MLP, the more accurate result is
for k=10
Fig 1 linear Regression

99
98.8 1  Maccuracy
986 —  — with 10 fold
98.4 1  Maccuracy
98.2 - — with 5 fold2

98 — —

accuracy
97.8 - with 3 fold22
LN

Fig 2 Decision Tree

99

98

97

96

95 A —
94 —
93 A —
92 A

DT

Fig 3Multi-Layer Perceptron

M accuracy
with 10 fold

M accuracy
with 5 fold

accuracy
with 3 fold

99

98 - .
97 - M accuracy with
96 - 10fold
95 -
94 - M accuracy with
93 - 5fold
92 - —
91 + — accuracy with
90 -

MLP

3fold

Fig 4 K-Nearest Neighbor

975 7 B accuracy
with 10
95 + —
fold
92.5 - —  Maccuracy
with 5 fold
90 A
KNN

V.CONCLUSION

On the Wisconsin Breast Cancer datasets, we used
four algorithms, which are: LR, DT, MLP and KNN,
the true accuracy of a give model is cross
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validation which is based on splitting the available
dataset into a training set and a validation set.
Breast cancer classification is to build classifiers
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ABSTRACT: Topological indices are used to define chemical molecular structures which are used in the study of
QSAR/QSPR. There are many applications of graph theory in the field of structural chemistry. In this paper we found
exact general (a, 2) - path sum connectivity index and the monotonicity of Dendrimer Nanostars.

Keywords: Dendrimer Nanostar, Molecular graph, Topological indices .
AMS Subject classification: 05c90, 05c07, 05c12, 05c31.

Introduction

In this work G is a simple graph with set of vertices and edges. Here vertices represents atoms and edges
represents bonds and we denote degree by d(u) and d(v)for the vertices u and v respectively. The
topological descriptors or topological indices are defined to describe the physico chemical properties of
chemical compounds or network structures .different index represents its corresponding chemical
structures in graph theoretical terms via arbitrary molecular graph.

Numerous studies reveals that there is strong natural relationship between the chemical characteristics of
chemical compounds and drugs for these reasons we are using many two dimensional topological indices
which is essential approach to find many new drugs. Further improvement in the study of chemical indices
three dimensional molecular features and molecular chirality are also discovered.

The general (a ,t) path sum connectivity index of a molecular graph arise from three dimensional
quantitative structure - activity relationships (3D QSAR) and molecular chirality. It is defined as
txa(G) = Ypt=v,ovis.vi e (Wio) + dg(vi1) + -+ + dg (v, )] with any non zero real no @ and t. According to this
definition the general (a,t) path sum connectivity index of an arbitrary graph is an important invariant
under graph automorphism.

Dendrimer

Dendrimers are repetitively branched molecules. The name comes from the greek word “dendron”. A
dendrimer is typically symmetric around the core and ogten adopts a spherical three dimensional
morphology. The word Dendron is also encounterd frequently. A Dendron usually contains a single
chemically addressable group called the focal point or core. Dendrimers are function as detecting agents
because their structure can lead to multivalent system .It can also be used as solubilizing agent. These are
considered one of the most important commercially available building blocks in nanotechnology. Its
diameter increases linearly where as the number of surface groups increases geometrically .Dendrimers are
very uniform with dimensions incrementally grown in approximate nanometer steps from 1 to 10 nm. The
control over size ,shape and surface functionally makes dendrimers are of the commercially available
smartest nanotechnologies[6].
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Structural properties of Dendrimer Nanostar : )
Figure 1. [37-39] The 2-Dimensional of D;/3] denotes the 3% growth of Nanostar Dendrimer.

1:1475 b@’

()Using structural representation of dendrimer nanostar D3[n] the set of vertices and edges are calculated
in [4].

The number of vertices = 21(2n+1) - 20

The number of edges =24(2+1-1)

(ii)Here D3[0] is called core(fig A) and D3[n] created by 3(2") leafs(fig B) to D3[n-1] in n th growth. Therefore
D3[n] have totally 3(2n+1-1) leafs .

o O

(B)

General (a, 2) path sum connectivity index of Dendrimer nanostar D3[n]
The classification of components of dendrimer structure is clearly derived in [3].
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Theorem 1: For an arbitrary real number o ,the general (o,2)- path sum connectivity index of Dendrimer
Nanostaris 2, (D3[n]) =3 (21— 1) [4.8% + 6.7 +3.3%] +3.9%.

Proof: Let v;ov;; ... v;; be a path pt of length t in dendrimer nanostar and d; (v;q), dg (v;1) ... dg (v;,) is called
its degree sequence. Seeing the structure of two dimensional dendrimer nanostar D3[n], there are five types
of degree sequence having five types of path of length two (i.e [(3,3,3),(3,3,2),(3,2,2),(2,2,3)and(2,3,2)] ).

Let mjx denotes the number all two paths of the degree sequence types (i,j,k) in D3[n] where i,j and k are
positive integers.

We computed the number of paths of degree 2 as follows

Degree sequence | No of paths
(3.3.2) 12(2m+1-1)
(3.2,2) 6(2m1-1)
(2,2,3) 6(2m1-1)
(2,32) 6(2m1-1)
(3,3.3) 3+9(2m1-1)

M3zy =12(271-1), M3z =6(271-1), Myp3 =6(27+1-1), my3, =6(2"1-1)
M333=3+9(2n*1-1).
Let us consider Zxa((;) = Xp2=v;vi1vi (A6 Wi0) + dg (V1) + dg(v32)]
= Mazy (3 + 3 + 2)%+Mapy (3 + 2 + 2)%+ Myps (2 + 2 + 3)%+mysy (2 + 3 + 2)%+
Masz (3 + 3 + 3)°
= 12(2n1-1) 8¢ +6(2+1-1) 7% 46(2m1-1) 7% o+
6(2n+1-1) 7% +[3+9(2+1-1)] 9%
=3 (21-1) [4.8% + 6.7% + 3.39]+3.9¢

Theorem 2: Let D3[n] be the general representation of the class of dendrimer nanostar shown in figure 1.
Then
(a) For any real number a,we have Zxa (D3[n])is strictly increasing with respect to all positive integer n.

(b) The smallest general (,2)- path sum connectivity index of Dendrimer Nanostar is
ZXH(DB[n]) min =3 { [4.8% +6.7% 4+ 3.3%] + 9%} if and only if n=0
which implies that it is a core .

Conclusion

The Dendrimer can have promising future in various pharmaceutical and diagnostic fields as they possess
distinct properties such as multivalence , high degree of branching and well defined molecular weight. The
advancement in synthesis of dendrimers helps to produce different structure. Hence the increased research
in the field of dendrimers its utility for wide range of application in drug delivery systems.
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ABSTRACT: MX/ G/ 1 retrial G-queue with feedback and vacation is considered. The server provides M stages of
heterogeneous service in succession. Admission of each individual customer to the system depends upon the state of
the server. Positive customers arrive in batches according to Poisson process. Arrival of a negative customer removes
the positive customer being in service and makes the server down. If the server is idle upon the arrival of a batch, one
of the customers in the batch commences the first stage of service and the rest join the orbit. After the completion of
the first stage, the customer may proceed to the second stage with probability 6; , feedback to the orbit with
probability o1 or departs the system with probability q: (=1 — 61 — 61) and so on. At the final stage, the customer will
feedback to the orbit with probability ou or depart the system with probability qm (= 1 — dm). The server takes
random vacation with probability t . The steady state analysis and probability generating functions of the system are
obtained by using the supplementary variable technique and some performance measures are derived.

Keywords:

1.Introduction

The server vacation play a major role in retrial queueing models such as communication networks,
computer, production and manufacturing systems. Review of retrial queueing literature can be found in the
survey of Kim and Kim (2015). The name G-queue refers the queue with negative customers. Arrival of
negative customers removes the customers from the system and makes the server down like virus has the
potential to cause unexpected or damaging effects, such as harming the system software by corrupting or
destroying data. Gelenbe (1989) was first introduced this type of queue. Yang et al. (2013) analyzed M*/G/1
retrial G-queue with single vacation by using supplementary variable technique. Gao and Wang (2014)
analysed an M/G/1 G-queue with Orbital search and non-persistent customers. Sumitha and Udaya
chandrika (2015) analyzed the batch arrival retrial queue with positive and Negative customers, Priority or
Collisions, Delayed Repair and Orbital search. Rajadurai et al. (2015) studied an MX/G/1 unreliable retrial G-
queue with Orbital search, feedback and Bernoulli vacation. Recently, Palani, Chandrasekaran and Indhira
(2017) derived state dependent arrival in bulk retrial queueing system with immediate Bernoulli feedback,
Multiple vacations and threshold. In this paper, state dependent bulk arrival Multi-stage retrial G-queue
with feedback and vacation is considered.

2. Model Description

Arrival Process

Negative customers arrive according to the Poisson process with rate 4. The positive customers arriving in
batches according to Poisson process with rate A*. The batch size Y is a random variable with distribution
P(Y=Kk) =Cx k=1, 2, ... Let C(z) be the generating function of the batch size distribution with first two
moments m; and mz. Let ¥,, ¥,, X; and ¥, be the probabilities for the admitting a customer when the

server is idle, busy, repair and on vacation respectively. Then the corresponding probabilities of admitting n
customers from the arriving batch of k customers is given by
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d.C-x)" n=0, j=1234
k=1
jin

* k
ch( sz(l—)(,-)k_”, nzl, j=1234
k=1 n ' '

Let A, =AY a,, for j=1234
n=1

The probability generating function a;(z) of the sequence {aj,n ,nZO} is given by

a;(z) = C(x,;z+(1— y;)) with first two moments y;m, and )(fmz ,j=1234

Retrial Process

If an arriving batch finds the server either busy or on vacation or breakdown, then the batch joins into an
orbit. If the server is free, the first stage service commences for one of the arriving customers and others
join the orbit. Inter-retrial times form an arbitrary distribution A(x) with corresponding Laplace-Stieltjes

dA(x)
1-A(x)

transform A*(s). and the hazard rate function 77(x) =
Service Process and Feedback Rule
The server provides M stages of heterogeneous service in succession. After the completion of the
first stage service, the customer may proceed to second stage with probability 0;, feedback to the retrial
group with probability 61 or depart the system with probability qi (=1 — 61— 31). After completing 2nd stage
service, the customer may opt 3rd stage with probability 0., feedback to the retrial group with probability 5
or depart the system with probability q2 (= 1 — 62 — 32). This process continues upto M stages. After final
stage service the customer may feedback to the retrial group with probability dm or depart the system
with probability qm (= 1 — dm).
The service times are generally distributed with distribution function B;i(x) and LST Bi*(s) with first
dB,(x)
1-B,(x) ,

Define A, = B/B,B;.....B, with A,=1 and Q_ =66,6.,...0_ withQ,=1. The

1 1

two moments ,ul.(l) and ,uim and the hazard rate function £, (x) i=12,....M.

first moment M;,; and the second moment M;; are given by
' i ' i
My, =limA(g(z)) = Y| B (D[]B )
j=1 k=1
k+#j

" i " i i—1 ' ' i
My, =limA; (2(2)) = Y| B, GO B/ |[+2 Y| B (4B, () [ BiA)
Jj=1 k=1 j=1 k=1
k#j k#j+1

where g(z)=A"+1 —A'a,(2)

Removal Rule and Repair process

The arrival of a negative customer eliminates the positive customer being in service from the
system and makes the server down. The repair of the failed server commences immediately. The repair time
of the server failed during ith stage follows general distribution with distribution function Ri(x) and LST

Ri*(s) for (i=1,2,..M) with first two moments ﬂ’l and :Bi,z respectively and the hazard rate function

__dR(x) . _
B(x)= R 1,2,

Special Issue [JRAR- International Journal of Research and Analytical Reviews 67

ceey




UGC Approved: 43602 e ISSN 2348 -1269, Print ISSN 2349-5138
http://ijrar.com/

Vacation process
The server may take a random vacation with probability 7 or remain in the system with probability

;. The vacation times are distributed with distribution function Vi(x) and LST Vi*(s) for (i=1,2,..M) with

first  two moments Y, and };, respectively and the hazard rate function
dVi(x) .

7,.(x)= ’—(), i=12,....,
1-V,(x)

3. Stability Condition

Let {l‘n , NE N} be the epoch of the service completion or a vacation completion or the repair

period ends. The sequence of random variables ¥, = {C(#,),X(Z,)} forms an embedded Markov chain
which is ergodic iff

M M M _—
212 (1= 4" GD)+ 80, N+ Y (g,+8)0, M, + 30, M, | Bi(1)
i=l i=1 i=1

M M — %
+ ZQi—lMi,lA*i—l (A)+ A rom ZQi—lAt—l(ﬂ; )Bi (A7) /A
i=1

i=1

M . M .
+ Z3mIZQi—1Ai—1(/T)Bi (A)B., + TZ4mlz(ql' +0)0, A (A )y, <1

i=l1 i=l1
4. Steady State Distribution
Define the state of the server as
0, the serveris idle

. . .t
i, the serveris busy at i" stage

C(t) = . . . .th
M +i, the serveris repairat i stage
2M +i ,the serveris on vacationat i" stage

For the process, {N(t) ; t > 0}, define the probabilities

Io(t) = P{C(t) =0, X(t) = 0}

In(t x) dx = P{C()=0,X(t)=n,x<§(t)<x+dx},n>1

Pin(t, x) dx = P{C()=1X(t)=nx<E(t)<x+dx},n>0;i=1,2,..M
Rin(t, x) dx = P{C(t) =M+, X(t)=n,x<§(t)<x+dx},n>0;i=1,2,..M
Vin(t, x) dx = P{C(t) =2M+i, X(t)=n,x<§(t)<x+dx},n>0;i=1,2,..M

Let I, In(x), Pin(x), Rin(x) and Viu(x) be the steady state probabilities of Io(t), In(tX), Pin(t,x), Rin(tX)
and Vin(tx) (=1, 2,..., M) respectively.
Then the steady state equations are

Al = Z{;‘lif Pro(x) 24,(x) dx + | Ry, B0 dx + [ V() 7,(x) dx} (1)
dl,(x) _ — (A +n()I, (x) n>1 (4.2)
dx
d}?ar: (x) = —(ﬂ; + A+ ,Ui(x))Pi,n (xX)+ A Q- O, )iaZ,kPi,n—k(x)’ n=>0;i=12,....M (43)
* k=1
d . X n
’i(,;( )+ BONR, () + X (1=8,)D a R, (x), n205i=12,., M  (44)
k=1
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de n (X) + + .
e SR ACUMORTA Son) D Ay Vi (), n203i=12,., M  (45)
X k=1

with boundary conditions

1,(0) =22in [ PO () dx+ 5, Py () 4 (x) dxﬂ

i=1

- iﬁ R;,(X) fi(x)dx + T V. (%) 7,(x) dx} n>1 (4.6)

F,(0)=2"a, 1, +T I (x) n(x) dx (4.7)
0
A,0)= /1+a1,n+110 + Irkzn:,al,k]'i L (X)dx + T [, x)n(x)dx, n>1 (4.8)
= 0 0
P, 0)= HHT P, (%) g (x) dx, n>0;i=23,..M (4.9)
0
R, ,(0) = IT P, (x) dx, n>0;i=2,3,...M (4.10)

0

System Size Distribution at Random Epoch
Define the joint probability generating functions :

Iz =3 1,02" . PEx)=Y P02
n=1 n=0

R.(z,x) = i R, (x)Z" : Vi(z,x)= i V,(0)z", i=12, M
n=0 n=0

Using the definitions of I(z, x) , Pi(z, X) , Ri(z, x) and Vi(z, x),i=1, 2, ... M, we obtain the following equations
from the equations (4.2) to (4.11)

(i + A + n(x)j] (z,x)=0 (4.12)

00X

(Gi + 4+ 4, (1—a,(2)+ 4, (x)jP, (z,x)=0, i=12,...M (4.13)
X

(ai +A4 (1-a5(2) + B (X)jR,» (z,x)=0, i=12,.,M (4.14)
X

(aim; (1-a,(2)) + Q/i(x))Vi(z,x) =0, i=12,..M (4.15)
X

1(20) =7 (6, +28) | Pz, ) s e + iDR( OB v+ [, (z,x)y,-(x)dx} -1,
(4.16)

ZP(2,0) = A1 a,(2) + A" a,(2) j 1(z,x)dx + j I(z, x) n(x) dx (4.17)
0 0
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P(z00=6,,| P, (zx)u, (x)dx, n=>0, i=23s M (4.18)
0
R(z,0)= 4 | P, (2% dx, n>0, i=23..M (4.19)
0

V,(2,0) =7(q, + 51,2)? P (zX)u(x)dx, n=0, i=23.., M (4.20)
Solving the partial differoential equations (4.12) - (4.15) we get
1(z,x) = 1(z,0)e”"*[1 - A(x)] (4.21)
P(z,x) = P(z,0)e”*** 7+ =O"[1 - B (x)] (4.22)
R.(z,x) = R.(z,0)e”* =1 - R (x)] (4.23)
Vi(z,x) =V, (z,00e”* O [1-V,(x)] (4.24)
Using the expresswns in equations (4.21) - (4.24), equations (4.16) - (4.20) yield

1(z,0)= TZ .+, z]P.(2,0)B!(g(2))

+ Z[Ri (2 O)R: (A (1-a,(2) + Vi(z, 0) V' (X" (1-2,(2) |- % 1, (4.25)
i=1

2R (2,0) = A (a,(z) = ay o )1, +[A4°(A) +oo (a1 (z)—a,, X1— A" (X )(0,z) (4.26)

P(z,00=0,_ A (g(2))P(z,0), i=23,...M (4.27)

R(2.0)= X0, A, (g()B] (g())/ g(2) P(z,0) , =23 M (4.28)

V.(z,0)=1(q, + 5,2)Q, ,N;(g(2))F(z,0) , i=23,.....M (4.29)

where A, =B/B,...... B’ with Ay=1, Q1=0:10:6;s..

and g(2)=A'+4 ~Xa,(z)  and B (g(2))=1-B(g(2))
Substituting the expressions in equations (4.25), (4.27), (4.28) and (4.29), the equation (4.26) becomes
B(2.0)=1,[X (a,(2) - a,, )~ A T(2))/ D(2) (4.30)

where D(z)=z-T1,(2)T,(z)

0;.1 with Qo=1

T =4 D+ () -a - 4 (2)
T,(2) =7 [d, +0, 71 QuA; (82) + £ Y Qu AL (2(2) B, (@) 2D R} (4 (1-2,(2)

M
+72 [a; + 510 A (g(D)V] (A (1-2,(2))
i=l
Using equation (4.30), equations (4.27)-(4.29) yield

P(2,0) = 1,0 A, ()X (a,(2) ~a,, )~ AT, (2)]/ D(2) (431)
R(2.0)= 1,10, A, (g(2)B(&2)/2@[2 (a,(2) — a,,) - AT,(2)]/ D(=) (4.32)
Vi(2,0) = I,tlg, + 5,210 N (g2 (a,(2) ~ 4y, )~ AT, (2))/ D(2) (433)
Consequently I(z, 0) in the equation (4.25) becomes

1(z.0) = L[, ()2 (a,(2) - 4y )- AT (D)]|- [z - T ()T (2))/ D(2) (4:34)
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The probability generating function of the orbit size when the server is idle is given by

I(z)= T I(z,x) dx

= 1,(1- A4 F )L (0/2) - a,)- AT (]| ATz~ T(DT,(2))/ 4 D(2) (4.35)
The probability generating function of the orbit size when the server is busy in providing ith (i = 1, 2, ..., M)
stage service is

B =] B dx

=1,0,,A,(g()B (€@ 2 (a,(2) ~a, )= AT, (2))/ g()D(2) (4:36)
The probability generating function of the orbit size when the server is repair at it (i = 1, 2, ..., M) stage
service is

R (z)= T R.(z,x)dx

_ 1A 0, A, (2(2))B](2) e() 1A (a,(2) ~ a0 )~ AT, ()] - R (A" (1= a3(2)))]
2 (1-ay(2))g(2)D(z)

The probability generating function of the orbit size when the server takes vacation after it" (i=1, 2, ..., M)
stage service is

(4.37)

V()= [ Vi(z 0 dx

_ Iylg, + 5210, A (gD (@,(2)=a,0)- AT -V, (X (- a,(2))]

(4.38)
A (1-a,(2))D(2)
Using the normalizing condition
I, +1im/(z) + hmz P.(z)+ 11mz R.(2)+ llmz V.(z2)=1
we obtain I, =[1-T ()-T, ()}/[A (l){(l T () -T, )+ A g [(l— 4" (D) &
+ ZQHAL (Z’)B,»* )4+ ZQHAL (A)B (AP, + TZ (g, +3)0 N (A)y,] I3

(4.39)
where T, (1) = (X" /A)) xym, (1_14*(/1;))

’ M M M J—
and ()= Zé‘iQHAf(;f) + Z(% +6)0,.M,, + ZQHMH,lBi 1)
i=1 i=1 i=1

M M -
+ 2 0 M A (X)) + A 1m0 N (A)Bi(A) A

i=1 i=1

M . M
+ xsm, ZQi—lAi—l (A)Bi(A)B,, + Ty ,m, Z(% +6,)0 N, (A )y,
i-1 i=1
T, ()= (A ) gym zim, (- 4° ()
" M ., u M . M —
T, ()= ZZ@QHAI'M' )+Z(q,' +6,)0,.,.M,, _ZZQFIMI,FIIL[[,I +24 lzmlzgi—lMl,i—lBi (A)/A

i=1 i=1 i=1 i=1
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M M — M
- ZQi—lAt'—l v ):ui,2 1A+ /1+;(22m2 ZQi—lAt'—l (A)Bi () /(A )3 + A" y,m, ZQi—lAi—l (A ),Ui,l /(/1_)3

i=1 i=1 i=1

() gom, ijzfQHA’;l OB (A Y + iQHMZJ,j;(/l’)/[ + zf;QHML,.,IET(I)/(I) B,

i=1 i=1 i=l

M M % M — %
=22 0 N GOM, By +22 1m Y O A, (A)Bi(A)(A)B,+2D 0, A, Bi(A)B,,
i=1 i=1 i=1

M M M
+ 272(% + é;)Qi—lMl,i}/i,l + Tz 6,0, A, (/17)71',1 + TZ(% +6,)0, A (4 Via
i=1 i=1 i=1
The probability generating function of the orbit size is

P(2)=1, +1<z>+_f R(z)+f Ri<z)+f Vi(2)
—1,{ A" D 2-TOTHA (@(2)-a,, )~ AT, - 4" (4 )12/ 4
+20A, (2(2))B; (22)/ g(2) +4 0, A, (2(2)) B, (22))/2(@) [1- R, (& (1~ a5(2)))]

A (1= as(2)) + fZ[q,» +8,210, N (gD -V, (X' (1= a, DA (1 -a, ()] }/DE)
(4.40)

The probability generating function of the system size is

P(2)=1, +1(Z)+Zi Pi(Z)+i Ri(Z)+§: Vi(2)

=I{ AD-TEOLEA (0 -a, - 4TI -4 45/ %
+23.0,.K, (B (¢(2))/ 8(2) +2 0, K, (8(2) B (22) @)1 - K (2 (1-a ()]

(A (I=ay(2))) + TZ[% +6.210 (gL -V (X (1= a,(N A (= a, ()] }/D(z)

(4.41)
Performance Measures
. The probability that the server is idle in the non-empty system is given by
I = lil’Illf(Z)
1= GOWE im A ) = AT (0T, (1] wa2)
AN=T, ()=T, (1]
o The probability that the server is busy is
M
P = lgrll;P,-(Z)
M * * *
A1, 0Ny () my A" (A) B ()
= =1 - - (4.43)
AN-T, ) -T, V)]
o The probability that the server is under repair is
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R o= mYRG)
A1, Z QHA*H (A )ZlmlA* (A )Bl* (A )ﬂi,l
= = ; ; (4.44)
[1-7, () -T7, ]
. The probability that the server is on vacation is
Vo= 1213112 Vi(z
X134+ 8)0 N D) m A (B,
= il (4.45)

-7, )-T, ()]

. Mean number of customers when the server is in idle state is
. d
L, = 12151@ 1(2)
(- ACGHV AT, ()~T '(1)]{2T '(D[Mml - M'(l)] +I2 i - AT, ()]
—[A m — A T (DI — T (1)2T (DT, (1) T (1)] (4.46)
AT () T, OA DT (D)~ T )+ 2 m [ A () 2

£ 0 AL DB (A + Y0, K (DB DB, + T34, + )0 K(E W, ]}

e Mean number of customers when the server is busy is

(-7, ()T 2'][2iQHM L (A my =27 T, (B (A)/ 4 + f‘,QHAZI (A)B/ (X)X

i=1 i=1

” M ' M
()Jlemz -AT (1)~ 22Qi—1M1,i(/1+Zlml —AT (WAL (A A _2ZQ1‘—1A1'—1 (A xm
i=1 i=1

BI(O)A Y1-1-T, ()=T, (DT, ()T, (DA’ zm, - %T(l)]ZQ, N, (OB ()

AT, ()~T, ()} (/%)iil T () =T, 0]+ 2 zm[(1— 4 G)/ 2

30 KL OB )2+ 0, K OB, +7 Y0, + 6)0,K (7,
(4.47)

e Mean number of customers when the server is under repair is
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(=T, (=T 220 My (2 2im, = AT, (DB () = 20 Ko (M5,
+ ZQ;’—IA*i—l (A)A m, 37;(17 )1311 + ZQi—lAt—l (A )BT-*(I )[/I+l32m2ﬂi,l - A’+Z32m2ﬂi,2 1/(xsmy) +
(F am, = AT, ()Y 0 AL (B (B I-I1=T, (V=T OT, ()=T, (DI[Z zm, ~ 4T, ()]

F aimy = AT, (Y. 0 AL (2B (A)B,]
Ly = — o =
AT, (=T, (A (ZD[I-T, () =T, )]+ 2" m [(1— 4 () 2

+ 20N (DB + 30N (B (B, +7 24, + )0 Ay,
(4.48)

e Mean number of customers when the server is on vacation is

=T, () =T, N2 gym, = AT, ()Y 8.0, A Yy = (6, +6)0, A (AWM, 7,

i=1 i=1

+ Y0+ )0 N GO Zimay, = & Zimsy 1 Cm) + (3 gimy = 5T, (D)4, +8)0.,K,(4 )y, ]
ST, () =T, VT, () =T, (DA gm, = AT, (DG 7m, = AT, ()00 AL (B2 )7, ]
LV = T 7 f 7 7 =
AT, () -7, O GO -T, () -T, O+ & g [(1= A () 2

+ 20N (DB I+ Y0 KL (1B (B, +7 (4, + )0 A (2,

(4.49)
e Mean number of customers in the orbit is given by
dP_ (z)
L =lim—2
4 z—1 dZ

A 2my = AT, OIT()+ 28 7im, — 5T, (DT (1)
L SO O=T OGO O zm = AT, OO
2=, () =T, WA G-, () =T, D]+ 2 zim, [(1 - A (E)/ %
+ 20K LB (DA + 20, N L (DB (DB, +7 (6, + )0, N ()7,

L =L +L,+L,+L, (4.50)

q

where 73(1) = (T,(1)/ A7) (1= 4" () + ZQ,»_IAL (DB () A+ 0L AL (D)B (),

M
+ TZ(% + é‘i)QHA*i (A7
i1

M

Ty ()= (T, 0/ 2= A )+ 20 M B GOIE =201 Y0 KB 2am

i=1
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M

M M
+/1+sz12Q571M1,i71 Bi* (/1_)/(/1_)2 +ZQ[—IB:(1_ )Ml,i—lﬂi,l +]’+szIZQi—lAt 4)

i=1 i=1 i=1

M _ M _
+ A" ,m, ZQI'—IA*i—l (A )Bl* (A)A)B, - A yim, ZQi—lAt'—l va )Bi* (4B,
i=l i=1

M _ M M
+ Ir)(;mz ZQi—lAi—l (41)B, (& ):Bi,l + Tzé;Qi—lAi 4 )71',1 + TZ(% +0, )Qi—lMl,i7i,1
il i1 i1

M M
+7 A yim, Z(% +0)0, A (A)y; 5+ T A yim, Z(% +0,)0,, A (A1),
i=1 i=1
e Mean number of customers in the system is

L, =1im?E3)
’ z—1 dZ
= Lq + P (4.51)

System Size Distribution at a Departure Epoch
Let @; denote the probability that there are j units in the system at a departure epoch. Then

M e}
@, =K,> ¢ [P () p(x)dx,  j=0 (4.52)
i=1 0

where Kpy is the normalizing constant.
The probability generating function ®(z) of {®j, j > 0} is given by

D(z) =K} g, [ Pz) p(x) dx

= KJy[2 (a,(2) = a,0) = AT ()1Y QA (8(2))/ D(2) (4.53)

i=1

Now the constant K, can be determined by using the normalizing condition ®(1) =1, as
[1-7, () -7, (D]
M
L[ ym, — lle'(l)]Z QA1)
i=1

K, = (4.54)

Substituting Ko in the equation (4.53), we obtain the probability generating function of the number of

customers in the system at a departure epoch as

(=T, (1)~ T, DI (@(2) - a,) - AT, ()] QA (g(2)
D(z) = -

(4.55)

M

(A" xm, - 2;rTl'(l)]Z: QA (A)D(z)
i=1

The expected number of units in the system at a departure epoch is

L, =tim L a(z)

z—1 dZ
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[A"xm, — /qu"(l)]z QA () +2[A ym, — erl”(l)]Z QM

2 s = ATTY, Quii(A)

=T =21 (T (-7, ()]

; ; (4.56)
A1-77 (H-T, (1]

Conclusion

In this paper, state dependent bulk arrival multi-stage retrial G-queue with feedback and vacation is

considered. The steady state analysis with probability generating functions for this model has been derived.
Some performance measures are obtained.
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The b-Coloring of Corona graph of Path graph with Origami graph

R.Yavanapriya® & Dr.A.R.Sudamani Ramaswamy
(1) Department of Mathematics, Pioneer College of Arts and Science, Jothipuram, Coimbatore-641 047.
Tamil Nadu, India.
(& Professor, Department of Mathematics, Avinashilingam Institute for Home Science and Higher
Education for Women,Coimbatore-641 043.Tamil Nadu, India.

ABSTRACT: A b-coloring of a graph G is a proper coloring of the vertices of G such that there exists a vertex in each
color class joined to at least one vertex in each other color class. In graph

the b - chromatic number, indicated by ¢(G), is the maximal integer k such that G may have a b - coloring with k
colors. In this paper, we obtain the b-chromatic number for the Corona product of Path graph with Origami graph
denoted by @(OnoPr), @ (Pno On).

Keywords: Graph coloring, b-coloring, corona product,Path graph, Origami graph.

1.Introduction

Let G = (V,E) be a simple and finite graph without loops. Definitions used here may be
found in [1]. A suitable k coloring is a function c: V(G) = {1, 2,...,k} such that c(u) = c(v) for all
uv belongs to edge of G. The chromatic number x(G) is the lowest integer k for which G declare
proper Kk-coloring. Given a k-coloring ¢, a vertex v is called a b-vertex of color i, if ¢(v) =iand v
has at least one neighbour in each of the other color classes G, i = j. Then proper coloring c of

graph G is a b-coloring if every color class has a b-vertex. The b-chromatic number of a graph G,
denoted by ¢(G), is the largest integer k such that G may have a b-coloring by k colors. The
concept of b-chromatic number ¢(G) was first introduced by Irving and Manlove [2]. They also
proved the upper bound of $(G), is ¢(G) <m(G), where m(G) is the largest integer m such that G
has m vertices of degree atleast m - 1. Kratochvl, Tuza and Voigt [3] evaluated the asymptotic
behavior for the b-chromatic number of random graphs and proved that it is NP -
completeness of the problem to choose whether there is a dominating appropriate k-coloring
even for connected bipartite graphs and k = A(G)+ 1. Kouider and Zaker [4] proposed some
upper bounds for the b-chromatic number of several classes of graphs in function of other graph
parameters. Several related concepts concerning b coloring of graphs have been studied.
Corona graph product was introduced by Frucht and Harary [5] in1970.

Origami is a kind of art first invented from Japan. It is a feasible to fold up a lot of good-looking
figures in origami. Most miraculously, many amazing pieces of origami are shaped from a particular part of
paper, with no cuttings. Justlike constructions using straight edge and compass, constructions through
paperfolding is both mathematically interesting and aesthetic, particularly in origami graph [7]. In this
paper, we obtain the b-chromatic number for the Corona product of Path graph with Origami graph.

2.Prelimaries

Path graph or linear graph is a graph whose vertices can be listed in the order vi, vy, .., vs, such
that the edges are {v;, vi.1} wherei=1, 2, ..., n - 1. Equally, a path with at least two vertices is connected and
has two terminal vertices (vertices that have degree 1), while all others (if any) have degree 2. Paths are
fundamental concepts of graph theory, described in the introductory sections of most graph theory texts.[6]

Corona product of G and H is the graph G°H obtained by taking onecopy of G, called the center
graph ,|V(G)| copies of H, called the outer graph, and making the ith vertex of G adjacent to every vertex of
the ith copy of H ,where 1< i< |V(G)|. The corona product is not commutative. For example, K3 ° P2, P2 © K3
since the number of vertices differs. Also the corona product is not associative. It is easy to prove that x(G °
H) < A(G °» H)+2 for all G and H for the corona product
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3. Main Results
b-colouring of Coronagraph of Origami graph with Path graph.
Theorem 1:For any positive integer n ,n> 4 the b-chromatic number of the corona graph of origami graph
with path graph is ¢(On° Pn) = n+4 for n> 4.
Proof:
Let V(On)={ai,bi, di:1<i < Tl}
V(Py)={Pi.1<i< n}

Let V(On ° Pn)={ai:1<isn}U { bi:1<i<n}u{d;: 1<i<n}U{P:: 1<i<n}
Consider n=4, assign the following n+4 colors as b-chromatic number for O, ° P,

e For P;:1<i< n assign the colour ci: 1<i< n+4 by the proper colouring procedure.

e For apl<i< 4, assigh the colour C[%]”‘l and for the remaining vertices repeat the colors in the

same order
e Forb;: 1<i< nassign the color ci: n<i< n+4 by the proper coloring procedure.
e Andfor d;:1<i< n assign the color ci

An easy check shows that this coloring is a b-coloring.

The coloring procedure depends the degree of the origami graph which is n+3
Then we can assign maximum number of n+4 colours to get a b-coloring.
Hence the proof.

b-colouring of Coronagraph of Path graph with Origami graph.
Theorem 2:For any positive integer n ,n> 4 the b-chromatic number of the corona graph of Path graph
with Origami graph is @(P,° O5)=n+1 for n< 6.
=n, forn> 7
Proof:
Let V(P,)={Pi.1<i< n}
V(On):{ai,bi_ dj, _:1S i< Tl}
Let V(Pn°0n) = {Pi:1<isn}U{a;:1<isn}u{bsl<i<n}ju{d:l<i<n}
We prove the results by the following two cases.
Case 1:For n< 6.
Assign the following n+1 colors as b-chromatic number for (Pn ° Oy)
e For P;:1<i< n, assign the color c;.
e Fora;:1<i< n, assign the color c¢;: 1<i< n+1,where color class c; is not equal to color class of path.
e For bi: 1<i< 2 assign the color ci:3, and for remaining vertices assign the colors ci: 1<i<n + 1, by
the proper coloring procedure.
e And for d;:1<i< 2, assign the color c;.4 and for remaining vertices assign the colors ci: 2 <i<n+1
by the proper coloring procedure.

For the graph (P, ° Oy, n< 6, the b-coloring procedure depends the vertex set of (0,). O, has n+1 vertices of
degree n, then we can assign n+1 color to get b-coloring.
Case 2:For n> 7
Assign the following n colors as b-chromatic number for (P, ° On)
e Forp;:1<i< n, assign the color c;.
e Fora;1<i< n, assign the color ci: 1<i< n, with the proper coloring procedure.
e Forb;: 1<i< nassign the color ci: 1<i< n, with the proper coloring procedure
e And for di:1<i< n, assign the color c¢;: 1<i< n, with the proper coloring procedure.

For the graph P,° O, n> 7, the b-coloring procedure depends the vertex set of (P,). Thatis P;: 1< i < n.
This vertex set has n vertices of degree 3n+1.

Hence we can assign n colors to get b-coloring.

Hence the proof

4.conclusion

The b-coloring play an important role in clustering, automatic reading system and distributed
system. We have investigated b- chromatic number of Corona graph of Pathgraph with Origami
graph. The investigation of similar results for different graphs as well in the context of various
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graph coloring problems is an open area of research.
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ABSTRACT: The VIKOR method was developed for multi-criteria optimization of complex system. It determines the
compromise ranking list and the compromise solution obtained with the initial weights. This method focuses on
ranking and selecting from a set of alternatives in the presence of conflicting criteria. It introduces the multi-criteria
ranking index based on the particular measure of closeness to the ideal solution. The aim of this paper is to extend the
VIKOR method for analyzing the usage of social media in various age group people.

Keywords: Multi criteria decision making, Social Media, VIKOR Method.

1 INTRODUCTION

Decision making is the method of finding the best choice from all feasible alternatives. Much of the
decision making in the real world takes place in an environment in which constraints and the consequences
of possible actions are not known accurately and hence fuzzy set theory can be used to deal with
imprecision in decision making. In classical multi criteria decision making (MCDM) methods the ratings and
the weights of the criteria are known accurately [6].

The problems of Multi-Criteria Decision Making (MCDM) are intensely applied in many domains, such
as Social Sciences, Medical Sciences, and Economics etc. MCDM problems are declared as Multi- Criteria
Decision Analysis (MCDA) or Multi-Attribute Decision Making (MADM). In spite of their diversity, the MCDM
have shared characteristic multiple objectives and multiple-criteria which usually are in conflict with each
other. The decision makers have to assess or rank these alternatives according to the weights of the criteria.
In the last decades, the MCDM techniques have become the main branch of operations research [5].

Multi Criteria Decision Making has grown as a part of operations research, concerned with designing
mathematical and computational tools for supporting the subjective evaluation of performance criteria by
decision makers [4]. Multi-criteria optimization (MCO) is considered as the process of determining the best
feasible solution according to established criteria which represent different effects. However, these criteria
usually conflict with each other and there may be no solution satisfying all criteria simultaneously. Thus, the
concept of Pareto optimality was introduced for a vector optimization problem. Pareto optimal solutions
have the characteristic that, if one criterion is to be improved, at least one other criterion has to be made
worse. In such cases, a system analyst can aid the decision making process by making a comprehensive
analysis and by listing the important properties of the Pareto optimal (non inferior) solutions. However, in
engineering and management practice there is a need to select a final solution to be implemented. An
approach to determine a final solution as a compromise was introduced by Yu, and other distance-based
techniques have also been developed.

Many papers have proposed analytical models as aids in conflict management situations. Among the
numerous approaches available for conflict management, one of the most prevalent is multi criteria decision
making. Multi criteria decision making (MCDM) may be considered as a complex and dynamic process
including one managerial level and one engineering level. The managerial level defines the goals, and
chooses the final “optimal” alternative.

The multi criteria nature of decisions is emphasized at this managerial level, at which public officials
called “decision makers”, have the power to accept or reject the solution proposed by the engineering level.
These decision makers, who provide the preference structure, are “off line” from the optimization
procedure done at the engineering level.

Very often, the preference structure is based on political rather than only technical criteria. In such
cases, a system analyst can aid the decision making process by making a comprehensive analysis and by
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listing the important properties of non inferior and/or compromise solutions. The engineering level of the
MCDM process defines alternatives and point out the consequences of choosing any one of them from the
standpoint of various criteria. This level also performs the multi criteria ranking of alternatives.

VIKOR method is a multi-criteria decision making (MCDM) or multi-criteria decision analysis method.
It was originally developed by Serafim Opricovic to solve decision problems with conflicting and non-
commensurable (different units) criteria assuming that compromise is acceptable for conflict resolution, the
decision maker wants a solution that is the closest to the ideal, and the alternatives are evaluated according
to all established criteria. VIKOR ranks alternatives and determines the solution named compromise that is
the closest to the ideal.

The VIKOR method includes a multi criteria optimization of complex systems that focuses on ranking
and selecting from a set of alternatives among conflicting criteria [2]. It determines the compromise
ranking-list, the compromise solution, and the weight stability intervals for preference stability of the
compromise solution obtained with the initial weights. This method focuses on ranking and selecting from a
set of alternatives in the presence of conflicting criteria. It introduces the multi-criteria ranking index based
on the particular measure of “closeness” to the “ideal” solution.

Assuming that each alternative is evaluated according to each criterion function, the compromise
ranking could be performed by comparing the measure of closeness to the ideal alternative.

The multi-criteria measure for compromise ranking is developed from the Lp-metric used as an
aggregating function in a compromise programming method.

The idea of compromise solution was introduced in MCDM by Po-lung Yn in 1973, and by Milan
Zeleny.

The MCDM problem is stated as follows: Determine the best (compromise) solution in multi-criteria
sense from the set of | feasible alternatives A1,A2,...A], evaluated according to the set of n criterion
functions. The input data are the elements fij of the performance (decision) matrix, where fij is the value of
the ith criterion function for the alternatives Aj.

2 PRELIMINARIES

2.1 Definition

“Decision making is the process of identifying and selecting a course of action to solve a specific problem.”
2.2 Definition

Decision making involves the selection of a course of action from among two or more possible alternatives
in order to arrive at a solution for a given problems.

2.3 Definition

VIKOR method is multi-criteria decision making (MCDM) or multi-criteria decision analysis methods. VIKOR
ranks alternatives and determines the solution named compromise that is the closest to the ideal.

3 ALGORITHM OF VIKOR METHOD
e Form a group of decision makers.
Evaluate the ranking of each criterion according to their significance.
Normalize the aggregated importance weight for each criterion.
Form a decision matrix.
Normalize the decision matrix.
Construct the weighted normalized decision matrix.
Calculate the positive and negative ideal solution.
Determine the distance of each alternative.
Determine the closeness coefficient and decompose it.
Rank the alternatives according to their closeness coefficient.

4 THE PROPOSED STEPS OF VIKOR METHOD

According to this method, the best alternative would be the one that is nearest to the positive - ideal
solution and farthest from the negative ideal solution. The positive-ideal solution is a solution that
maximizes the profit criteria and minimizes the cost criteria, whereas the negative ideal solution maximizes
the cost criteria and minimizes the profit criteria. In short, the positive-ideal solution is collected of all best
values attainable from the criteria, whereas the negative ideal solution contains all worst values attainable
from the criteria.
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The calculation procedures of the method are as follows:

A MCDM problem can be concisely expressed in a matrix format, in which columns indicate
criteria (attributes) considered in a given problem; and in which rows list the competing alternatives.
Specifically,a MCDM problem with m alternatives (43, Az ... Am) that are evaluated by n criteria (Cy, Cy, ...,
C») can be viewed as a geometric system with m points in n-dimensional space [1], An element x;; of the
matrix indicates the performance rating of the ith alternative A; with respect to the jth criterion C;, as

shown in (1),
G G G G

Ay [ xn X X3 Xy
l" X1 X»n X3 ' An
p=Alxm xn xm oo Xy

-'Im Aml Am2 A3 RV

()

The VIKOR method was introduced as an applicable technique to implement within MCDM. It
focuses on ranking and selecting from a set of alternatives in the presence of conflicting criteria. The
compromise solution, whose foundation was established by Yu and Zeleny, is a feasible solution, which is
the closest to the ideal, and here “compromise” means an agreement established by mutual concessions.
The VIKOR method determines the compromise ranking list and the compromise solution by
introducing the multi-criteria ranking index based on the particular measure of “closeness” to the “ideal”
solution. The multi-criteria measure for compromise ranking is developed from the Lp-metric used as
an aggregating function in a compromise programming method. The levels of regret in VIKOR can be
defined as:

Ly = {Zfa[w (6 —x5)/ (6" —%7)|p}1/p ,1<p<oo )

Where i = 1,2,...m. L1, is defined as the maximum group utility, and L is defined as the minimum
individual regret of the opponent. The procedure of VIKOR for ranking alternatives can be described as
the following steps:
Step 1: Determine that best x}f and the worst x; values of all criterion functions [3], where j =1, 2,.., n.
If the jth criterion represents a benefit then x; = max; fy; f; =min; fy,
Step 2: Compute the S; (the maximum group utility) and R; (the minimum individual regret of the
opponent) values,
i=1,2,.., m, by therelations

Si=Ly=Yawy (5 —x;)/ (%' —x7) 3)

Ri= Lo, =[Z}l=1 Wi (xj* - xij) / (xj* - xj_)] (4)
where w; is the weight of the jth criterion which expresses the relative importance of criteria.
Step 3: Compute the value Q;,i=1,2,..,m, by the relation

Qi=v(S;-57)/(S™ = $")+(1-v)(R;-R*)/(R™ — R7), (5)

Where S*=min; S;, S”=max; S;, R*=min; R;, R"=max; R; and v is introduced weight of the strategy of S;
and R;.
Step 4: Rank the alternatives, sorting by the S, R and Q values,in decreasing order. The results are three
ranking lists.
Step 5: Propose as a compromise solution the alternative (A") whichisranked the bestby the minimum Q
ifthe following two conditions are satisfied:
C1. “Acceptable advantage”:
Q(A”) - Q(A’) = DQ , where A" is the alternative with second position in the ranking list by Q, DQ = 1/(m
- 1) and m is the number of alternatives.
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C2. “Acceptable stability in decision making”:

Alternative A’ must also be the best ranked by S or/and R. This compromise solution is stable
within a decision making process, which could be: “voting by majority rule” (when v>0.5 is needed), or
“by consensus” v = 0.5, or “with vote” (v < 0.5). Here, v is the weight of the decision making strategy “the
majority of criteria” (or”the maximum group utility”), v=0.5 is used in this paper. If one of the
conditions is not satisfied, then a set of compromise solutions is proposed.

Recently, VIKOR has been widely applied for dealing with MCDM problems of various fields, such as
location selection, environmental policy, and data envelopment analysis,

5 INFORMATION ENTROPY WEIGHT

The weight of the criterion reflects its importance in MCDM. In this paper, an objective weight is
applied; named Information Entropy Weight (IEW) based on the information entropy of raw data. Based on
the decision matrix (D) shown in (1), Range standardization is done to transform different scales and units

among various criteria into common measurable units in order to compare their weights.

’ xij—min 1<j<n xl'j
.xl'j =

(6)

min X;; are the maximum and the minimum

” max 1<j<n Xij — MiN 1 gj<p Xjj
D =X ,x, is the matrix after range standardization; max X;;,
values of the criterion (j) respectively, all values in D are (0< x

i
matrix D'=X,,,, the information entropy is calculated as shown in the following steps, first in order to
avoid the insignificance of In f; in (8) f;; is stipulated as shown in (7):

1+x£j
..=—, 7
fo= S (7)

Hi=-30 finfy, =12l 21,2, n (8)

< 1). So, according to the normalized

After calculating the variation degree (H;), the deviation degree of the criterion (j) noted by (G;) is computed
asin (9)
G =1-H;, j=1,2,.......... n (9)

It is obvious that (G;) is greater if the value of (H;) is smaller, consequently if the (G;) is higher, the
information entropy (H;) is lower, which indicates that the more the information criterion (j). The weight
(W) of the criterion (j) is defined as:
W=

JUXja G neXioHy

(10)

Where j=1,2,....,n.

6 NUMERICAL EXAMPLE

We will proceed this paper to take the decision making in usage of social media in
different age groups by VIKOR method. We have taken different types of social media, they are YouTube,
Facebook, Snapchat, Instagram and Twitter. The social media which is used in various age group people,
such as 18-29, 30-49, 50-64, 65+.

Table I
Age YouTube | Facebook | Snapchat | Instagram | Twitter
18-29 | 91 81 68 64 40
30-49 | 85 78 26 40 27
50-64 | 68 65 10 21 19
65+ 40 41 3 10 8

Decision matrix
The figure shows the usage data of social media in different age groups.
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The Information Entropy Weight objective method will be applied in this problem Table II,
illustrates the range standardization done to decision matrix as in (6).

Table II

Range standardization decision matrix
Age YouTube | Facebook | Snapchat | Instagram | Twitter
18-29 | 1 0.80 0.54 0.47 0
30-49 | 1 0.88 0 0.23 0.01
50-64 | 1 0.94 0 0.18 0.15
65+ 0.97 1 0 0.18 0.13

Table III shows the stipulation found in (7).

Table III

Sipulated matrix
Age YouTube | Facebook | Snapchat | Instagram | Twitter
18-29 | 0.2509 0.2362 1 0.2905 0
30-49 | 0.2509 0.2467 0 0.2430 0.3069
50-64 | 0.2509 0.2545 0 0.2332 0.3495
65+ 0.2471 0.2624 0 0.2332 0.3434

Table IV shows the values of the variation degree (H;), the deviation degree (G;), and the weightassigned
to each criterion (W;) based on information entropy as in (8), (9), and (10)

Table IV

Weights assigned to Criteria

H; G; W,
YouTube | 0.602016 | 0.397984 | 0.146332
Facebook | 0.601697 | 0.398303 | 0.146449
Snapchat 0 1 0.367683
Instagram | 0.600143 | 0.399857 | 0.147020
Twitter 0.476411 | 0.523589 | 0.192514

By using the procedure of VIKOR, we can calculate the S, R and Q values as shown in Table III to
derive the preference ranking of the alternatives. We should select the first and the second age group
people for the using social media. Both age group people have the minimum §, R, and Q values, also the
two conditions mentioned earlier in section 2 are satisfied.
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Table V
Raking list and scores
You Facebook | Snapchat | Instagram | Twitter S R; Q; Rank
Tube
18-29 0 0 0 0 0 0 0 0 1
30-49 | 0.0172 0.0109 0.2375 0.0653 0.0782 | 0.4091 | 0.2375 | 0.52763 2
50-64 | 0.0659 0.0585 0.3280 0.1170 0.1263 | 0.6957 | 0.3280 | 0.79404 3
65+ | 0.1463 0.1464 0.3676 0.1470 0.1925 | 0.9998 | 0.3676 1 4
CONCLUSION

A VIKOR method combined to Information Entropy Weight method is presented to solve the
MCDM problem. A social media usage of various age group people of a new manner is introduced. The
VIKOR method is introduced to solve this MCDM problem based on the classical utility function. It might
be combined to other techniques in further research. The MCDM problem should be reformulated and
solved if any parameter or alternative is added or deleted because of its sensitivity to any changes.

Social media is a web-based technology to facilitate social interaction between a large group of people
through some type of network . Social media is growing rapidly and becoming a vital part of everyday life,
because of the latest technological revolution.

Social media platforms allow users to have conversation, share information and create web content.
There are many forms of social media including blogs, micro-blogs, wikis, social networking sites, photo-
sharing sites, instant messaging, video-sharing sites, podcasts, widgets, virtual worlds, and more.

Social media is becoming an integral part of life. Most traditional online media include social
components, such as comment fields for users. In business, social media is used to market products,
promote brands, connect to current customers and foster new business.

Social media plays an important role in every student's life. It is easier and convenient to access
information, provide information and communicate via social media. Teachers and students are connected
to each other and can make good use of these platforms for the working of their education.

People who are addicted to social media may experience negative side effects such as eye strain, social
withdrawal or lack of sleep, stress. If you spend your time researching problems or arguing with people, you
may experience stress, which can have a negative impact on your health.

As well as providing social support, social media sites can also provide medical support. Although
there are many positive aspects of social media, the negative effects on children and adolescents are also
numerous. Social media can affect the mental health of teens.

Researchers have found that using social media obsessively causes more than just anxiety. In fact,
testing has found that using too much internet can cause depression, Attention Deficit Hyperactivity
Disorder (ADHD), impulsive disorder, problems with mental functioning, paranoia, and loneliness.

Social networking plays a crucial role in socializationand provides a platform in building
relationships. Socialization and social networking are deeply rooted in human psychology as both rely on
aspects of a humanistic approach to affect its core audience.

Excessive cellphone use may cause anxiety, experts warn. Spending too much time on
your phone may be causing you to feel stress and anxiety, experts are warning. Most people experience an
emotional response that floods their body with stress hormones when they hear their phone go off,
according to Cheever.

Media plays a very important role and has influenced virtually in every aspect of our lives.
Newspaper, Magazines, Radio, Television and Internet are the different types of media. It greatly affects our
lives because media has the power to influence our thoughts.

Research has found thathow media can influence children's beliefs and behaviors in terms of
violence and aggression, sex, substance abuse, obesity and eating disorders.

Impact of social media on self-esteem, has been linked to higher levels of loneliness, envy, anxiety,
depression, narcissism and decreased social skills.

From the analysis, we concluded that the 18-29 age group people were mostly used social media.
We share some social issues in social media it can be shared and helped by affecting people but we
share our personal things it would be misled by some people. It may be both advantage and
disadvantage, but can use in a good manner.
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ABSTRACT: A graph G=(V,E) consists of a set V of vertices and E of edges. A vertex v in a graph G is said to be
dominate itself and each of its neighbors . We say with other words that v dominates the vertices of its closed
neighborhoods. The aim of the paper is to impart the importance of graph theoretical concepts and the applications
of distance - 2 domination in graphs to various real life situations in the areas of science and engineering. A set D is a
distance - 2 dominating set if for every vertex usV-2, d(u, D) s2and is denoted by y<2((). Also this paper explores
mainly on the applications of distance - 2 dominating sets in networks. Distance - 2 dominating sets are identified in
School Bus Routing, Radio Stations, Communication Networks . We study on the concept of distance -2 dominating
sets in graphs in networks.

Keywords:

INTRODUCTION

Domination in graphs has been an extensively researched branch of graph theory. Graph theory is one of the
most flourishing branches of modern mathematics and computer applications. The last 30 years have
witnessed spectacular growth of graph theory due to its wide applications to discrete optimization
problems, combinatorial problems and classical algebraic problems .

It has a very wide range of applications to many fields like engineering, physical, social and biological
sciences; linguistics etc., the theory of domination has been the nucleus of research activity in graph theory
inrecent times.

This is largely due to a variety of new parameters that can be developed from the basic definition of
domination.The rigorous study of dominating sets in graph theory began around 1960, even though the
subject has historical roots dating back to 1862 when de jaenisch studied the problems of determining the
minimum number of queens which are necessary to cover or dominate a n*n chessboard.

In 1958,Berge defined the concept of the domination number of a graph ,calling this as “Coefficient of
External Stability”. In 1962, Ore used the name “dominating set” and “domination number “ for the same
concept.In 1977 Cockayne and Hedetniemi made an interesting and extensive survey of the results know
at that time about dominating sets in graphs.

1. DEFINITIONS

1.1 Dominating set :A set D of vertices in a graph G,is a dominating set, if every vertex not

in D (i.e.) (every vertex in V— D) is adjacent to at least one vertex in D.

i

L)
Ly

D1 ={1} D2 ={1,2}, D3 ={3},D4 = {4,1}, D5 = {1,2,3,4}.

Dland D2 are not dominating sets;D3, D4, D5 are dominating sets.

1.2 Minimal dominating set:

A dominating set D is called a minimal dominating set, if for every vertex v,D — {v} isnot a dominating set.
1.3 Minimum dominating set:

A dominating set D is called a minimum dominating set, if D consists ofminimum number of vertices among
all dominating sets.
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1.4 Domination numbery (G):
The number of vertices in a minimum dominating set is defined as the dominationnumber of a graph G, and
itis denoted by (G).

D1={1},D2 ={2,3,4,5}.

D1 and D2 are minimal dominating sets.

D2= {1} is the minimum dominating set since it has minimum number of vertices thanD2.

(G) =1is the domination number of G.

Theorem 1.1

A dominating set D is minimal dominating set if and only if for each vertex v in D, one ofthe following
conditions holds; v is an isolated vertex of D; There exists a vertex u inV — D such that intersection of N{u}
and D = {v}.

Proof:

If each vertex v in D has at least one of the properties then D -{v} is not a dominating set of G.
Consequently, D is a minimal dominating set of G.

Assume that D is a minimal dominating set of G.

Then for each veD, the set D - {v} is not a dominating set of G.

Hence there is a vertex u in V(G)-(D-{v}) that is adjacent to no vertex of D-{v}.

If u=v then v is adjacent to no vertex of D.

Theorem 1.2

Let G be a graph without isolated vertices. If D is a minimal dominating set, then V— D isa dominating set.
Proof:

Let veD. Then v has at least one of the two properties of the theorem 1.1.

Suppose first that there exist a vertex u in V(G)-D such that N{u} and D = {v}.

Hence v is adjacent to some vertex in V(G)-D.

Suppose next that v is adjacent to no vertex in D.

Then v is isolated vertex of the sub graph D.

Since v is not isolated in G, the vertex v is adjacent to some vertex of V(G)-D.

Thus V(G)-D is a dominating set of G.

2. DISTANCE -2 DOMINATING SET

A set D of vertices in a graph G=(V,E) is a distance-2 dominating set if every vertex in V-D is within distance
2 of atleast one vertex inD. T he distance 2 domination number y<; (G) of G equals to the minimum
cardinality of a distance to dominating set in G.

1 2
-
5 =
= =
oy Fa
7
3 4

Giraph G
Here D = { 1.4}, v=2(G) = 2
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2.1 Observation
1. For any Complete graph K,, , forn =2
Y<2 (Kn) =1

—

s
%

1. For any Wheel graph W, , forn = 4
vy (W) =1

2. Forany Star K;,,fornz=2
Y<2 [Kl,n) =1

3.For any Book graph B, ,forn=3

Y=2 [Bn) =1

4.For any Complete Bipartite graph K, ,,,fornm=>1

Y<2 [Kn,m ) =1
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1. Forany Friendship graph F,,fornz2
Y=2 (Fn) =1

2.2 Proposition
1. For any graph G, y_, (G)=<y(G).
The converse of the above proposition need not be true y_,

2. For a Grid graph G, , fork fork=1,
2+k

Yo (Go)=[2]

3. Let D be a distance - 2 dominating set of a graph G. Then D is a minimal distance - 2 dominating set if and
only if each vertex ueD satisfies at least one of the following conditions:

(a). there exists a vertex ve V(G) - D for which N<2(v)nD={u}.

(b). d(u, w) > 2 for every vertex we D-{u}.

3. Applications of distance - 2 dominating sets
When we extend the concept of dominating sets to distance - 2 dominating sets, there are more useful
models to many real- world problems. Indeed, much of the motivation for the study of domination arises
from problems involving locating optimally a hospital, police station, fire station, or any other emergency
service facility.
3.1 Bus Routing

Nowadays, almost all Colleges operate College buses for transporting students for to and fro
services. Among many points, three important points to be noted are (i) The running time of a bus between
College and its terminus (ii) Maximum number of students on a bus at any time and (iii) the maximum
distance a student has to walk to board a college bus. Consider a street map of a city shown in fig where each
edge represents one city block. Let us assume that the college is
located at the vertex starting point and the management committee of the college decides that no student
shall walk more than two blocks to board a college bus. Construct a route for a college bus that leaves the
college, gets within two blocks of every student that uses the college bus and returns to the college. Clearly
this bus route forms a distance - 2 dominating set.

o_i Startinépoint
— -

iy
-

N
N

>

0

4
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Y

3.2 Radio Stations

Suppose that we have a collection of small villages in a remote part of the world. We would like to locate
radio stations in some of these villages so that messages can be broadcasted to all the villages in the region.
But since the installations of radio stations are costly, we want to locate as few as possible which can cover
all other villages. Let each village be represented by a vertex. An edge between two villages is labeled with
the distance, say in kilometers. Let us assume that a radio station has a broadcast range of hundred
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kilometers. In this case we seek a distance - 2 dominating set among all the vertices within the distance of
100 kilometers. Clearly this fig gives the distance - 2 dominating set.

3.3 Computer Communication Networks

The distance - 2 dominating set plays an important role in computer and communication networks to route
the information between the nodes. We consider a computer network modeled by a Hyper cube. The
vertices of the Hyper cube represents computer and edges represent direct communication link between
two computers. So, in this model we have 16 computers or processors and each processor can pass
information to the processor to which it is directly connected. Our problem is to collect information from all
processors and we would like to do it relatively often and relatively fast. So, we identify a small set of
processors called collecting processors and ask each processor to send its information to one of the small
sets of collecting processors. We assume that at most a two - unit delay between the time a processor sends
its information and the time it arrives at a nearest collector is allowed. In this case, we have to find a
distance - 2 dominating set of all processors. The set of vertices {marked in dark} forms a distance 2
dominating set in the hypercube network in fig.
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3.4 Locating Radar Stations Problem

The problem was discussed by Berge . A number of strategic locations are to be kept under surveillance. The
goal is to locate a radar for the surveillance at as few of these locations as possible. How a set of locations in
which the radar stations are to be placed can be determined.

3.5 Facility Location Problems

The dominating sets in graphs are natural models for facility location problems in operational research.
Facility location problems are concerned with the location of one or more facilities in a way that optimizes a
certain objective such as minimizing transportation cost, providing equitable service to customers and
capturing the largest market share.

4. CONCLUTION:

The main aim of this paper is to present the importance of graph theoretical ideas in various areas of
Science & Engineering for researches that they can use Domination in graph theoretical concepts for the
research. An overview is presented especially to project the idea of graph theory. So, the graph theory
section of each paper is given importance than to the other sections. Researches may get some information
related to graph theory and its applications in various field and can get some ideas related to their field of
research.
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ABSTRACT: Thinking and reasoning are the part of nature. Study of reasoning is nothing but analyzing the human
thought processes and reasoning methodologies. The idea of Fuzzy Logic is same as the feeling of human. Fuzzy Logic
is a form of many valued logic or probabilistic logic; it deals with reasoning that is approximate rather than fixed and
exact. In this work, we study some applications of Fuzzy Logic in real life. Fuzzy Logic is mostly used in Control
systems with the use of Rule base. We also have two types of Fuzzy Inference System for controlling the Electronic
system and devices.

Keywords: Fuzzy Logic, Fuzzy Inference System (FIS), Rule Base.

LINTRODUCTION

In the last part of 19t century, George Boole (1815-1864), an Irish Mathematician and logician,
started a systematic study of logic. It is called a Boolean Logic.

In 1965 Lotfi Zadeh, published his famous paper “Fuzzy sets”. Zadeh extended the work on
possibility theory into a formal system of mathematical logic, and introduced a new concept for applying
natural language terms. This new logic for representing and manipulating fuzzy terms was called fuzzy logic,
and Zadeh became the Master of fuzzy logic.

Fuzzy Logic was formulated by Lofti A Zadeh of the University of California at Berkeley in the mid
1960’s.

Binary or Boolean logic simply gives the statement is true i.e.1 or false i.e.0. But Fuzzy Logic
includes 0 and 1 and tell the statement is how much true or false using the in between values of 0 and
1.Fuzzy Logic defines operations for modifying sets and allows elements to partially belong to the set, which
offers a lot more flexibility.

II. PRELIMINARIES
2.1 Fuzzy set
If X is a collection of objects denoted generically by %, then a fuzzy set A in X is a set of ordered pairs:
A={(x m(x))/ x€X}
Ha(x) is called the membership function or grade of membership of x in A that maps X to the membership
space M.
2.2 Membership Function
Let X denote a universal set. Then, the membership function pa by which a fuzzy set A is usually
defined has the form
pa: X2 [0, 1]
Where [0,1] denotes the interval of real numbers from 0 to 1.
0< MHa < 1
2.3 Fuzzy Inference System
Fuzzy Inference System have been successfully applied in variety of fields such as automatic
control, data classification, decision analysis, expert systems etc. Fuzzy Inference is the process of mapping a
given set of inputs to an output using fuzzy logic defined by the fuzzy ‘If-Then’ rule database. The mapping
provides a basis for computing the decisions.
There are two types of Fuzzy Inference System that can be implemented
e Mamdani Fuzzy Inference System
e Sugeno Fuzzy Inference System
The Fuzzy Inference process have the five steps
1. Fuzzy Inputs
The first step to take inputs and determine the degree to which they belong to each of the
appropriate fuzzy sets via membership functions.
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2. Apply Fuzzy Operators
Once the inputs have been fuzzified, we know the degree to which each part of the antecedent has
been satisfied for each rule. If a given rule has more than one part, the fuzzy logical operators are
applied to evaluate the composite firing strength of the rule.
3. Apply the Implication Method
The implication method is defined as the shaping of the output membership functions on the basis
of the firing strength of the rule. The input to the implication process is a single number given by the
antecedent, and the output is a fuzzy set. Two commonly used methods of implication are the minimum
and the product.
4. Aggregate all Outputs
Aggregation is a process whereby the outputs of each rule are unified. Aggregation occurs only once
for each output variable. The input to the aggregation process is the truncated output fuzzy sets
returned by the implication process for each rule. The output of the aggregation process is the
combined output fuzzy set.
5. Defuzzification
The input for the defuzzification process is a fuzzy set and the output of the defuzzification process
is a crisp value obtained by using some defuzzification method such as centroid, height, or maximum.
2.4 Mamdani Fuzzy Inference System
Mamdani Fuzzy Inference System is the most commonly seen fuzzy methodology. It was among the
first control systems built using Fuzzy set theory. It was proposed in 1975 by Ibrahim Mamdani as an
attempt to control a system engine.
2.5 Sugeno Fuzzy Inference System
Sugeno or Takagi-Sugeno-Kang(TSK) method of Fuzzy Inference, introduced in 1985, is similar to
the Mamdani method in many aspects. The main difference between Mamdani and Sugeno is that the
Sugeno output membership functions are either linear or constant.

I11. FUZZY RULE BASE
Fuzzy Logic usually uses [F-THEN rules. Rule Construction is,
IF variable IS property THEN action

For example,

A simple temperature regulator uses for a fan might look like this:
[F temperature IS very cold THEN stop fan
IF temperature IS cold THEN turn down fan
IF temperature IS normal THEN maintain level
[F temperature IS hot THEN speed up fan

IV.FUZZY CONTROL FOR WASHING MACHINE

When one uses a washing machine, the person generally select the length of wash time based on the
amount of clothes he/she wish to wash and the type and degree of dirt cloths have. To automate this
process, we use sensors to detect these parameters.
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